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Abstract 
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algebra of functions on the sum of two circles. The matrix quantum mechanics is 
applied to the perturbative dynamics of scalar field theory, to tachyon dynamics 
in string field theory, and to the Hamiltonian dynamics of noncommutative gauge 
theory in two dimensions. We also describe the adiabatic dynamics of solitons on 
the noncommutative torus and compare various classes of noncommutative solitons 
on the torus and the plane. 
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1 Introduction and Summary 



Among the principal characteristics of noncommutative spaces [T71 ECU HID] > whichever 
way we may choose to define them, is the fact that the concept of locality becomes 
evanescent and disappears altogether. Noncommutativity typically introduces a length 
scale below which it is no longer possible to resolve "points" in the space. If a noncom- 
mutative space cannot be described by the local fields defined on it, it is still possible to 
use those fields, which technically live in a noncommutative C*-algebra, to describe some 
geometric properties of the space. In some instances, for example when the noncommuta- 
tive spaces are deformations of ordinary ones, it may still be possible to "see" the points 
underlying the algebra, and the noncommutativity is typically described by the nonvan- 
ishing commutator of coordinates. This description may be appealing for the connections 
which can be made with ordinary geometry, but it does hide some novel characteristics of 
noncommutative geometry which can have important physical implications and provide 
useful calculational tools. For instance, there exist solitonic solutions in noncommutative 
geometry which have no counterparts in commutative geometry [2H|. By solitons we mean 
nonvanishing finite energy extrema of the action functional of a given field theory, and in 
the examples to be considered in this paper they are described by projections or partial 
isometries of the underlying noncommutative algebra. In the following we will in fact use 
the words solitons and projections/partial isometries synonymously. 

One of the main physical interests in noncommutative geometry is the fact that it 
arises naturally in string theory, and in particular the noncommutative torus [H3 
describes naturally the stringy modifications to classical spacetime (THl EH EI] (see jHJ 
EH El] for reviews). In the context of open string field theory, the algebraic structure of 
noncommutative geometry allows a particularly simple construction of both stable and 
unstable D-branes in terms of projections and partial isometries [23 EHI EI] • Also related 
to this operatorial nature is the fact that noncommutative field theories can be regulated 
and studied by means of matrix models [IHl [HI HI HI HH EH E21 HH1 HH| In the case of 
field theories on the noncommutative torus, the matrix regularization yields field theories 
on the fuzzy torus and is intimately related to the lattice regularization of noncommutative 
field theories [H |3] . 

Although the matrix model formalisms have many computational advantages, they 
have several pitfalls as well. Foremost among these are the complicated double scaling 
limits required to reproduce the original continuum dynamics. The complicated nature is 
related to the mathematical fact that the algebra of functions on a manifold can never be 
the exact inductive limit of finite dimensional algebras, and examples abound for which 
the finite approximations fail to capture relevant physical aspects or produce phenomena 
which are unphysical artifacts of the matrix regularization. Technically, we may say that 
no algebra of functions can be an approximately finite (AF) algebra [13]. In this paper 
we will show how to overcome this problem by exploiting one of the aforementioned 
novel characteristics of noncommutative field theories, namely the presence of projection 
operators (or projections for brevity). As we have mentioned, they play an important 
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role in the effective field theories of D-branes in that they are finite energy extrema of the 
potential energy, or solitons. 

In what follows, after a review of the Elliott-Evans construction of the sequence of alge- 
bras approximating the noncommutative torus [2H|, we will construct viable field theories 
based on it. The interest in this construction is many- fold. The approximate algebras 
are generated by projections and partial isometries which together generate the direct 
sum of two copies of the algebra of matrix- valued functions on a circle, and therefore the 
approximation to a noncommutative field theory is effectively a matrix quantum mechan- 
ics which can be solved exactly in some cases. Unlike the usual lattice approximations, 
the noncommutative torus is the inductive limit of the sequence of algebras in the strong 
rigorous sense. From a computational point of view, this means that the continuum limit 
is much simpler. It is important to realize though that it is not simply the 't Hooft planar 
limit of the matrix model, and the notion of planarity in the matrix quantum mechanics 
coincides with that of the original noncommutative field theory (HH] ■ 

We will show that the field theory corresponding to the soliton approximation can 
be used, as a quantum mechanics, in a quantitatively useful manner for field theoretic 
calculations. For example, we will analyse in detail the dynamics of a noncommutative 
scalar field theory and show that ultraviolet-infrared (UV/IR) mixing is cured by the 
approximation (but of course reappears in the limit). We also show that the approxima- 
tion already captures quantitative aspects of tachyon condensation in string field theory, 
and further demonstrate how the exact solution of gauge theory on the noncommutative 
torus [HI] is captured by the Hamiltonian dynamics of the matrix quantum mechanics. 
The approximation presented in this paper thereby has the opportunity to capture im- 
portant nonperturbative aspects of noncommutative field theories. 

We will also study the adiabatic dynamics of projections according to a a-model ac- 
tion defined on soliton moduli space. We will find that the extrema of the action are 
solitons which satisfy a certain self-duality or ant i- self- duality condition. The typical soli- 
ton of this kind, the Boca projection ^3], is the torus equivalent of the GMS solitons on 
the noncommutative plane [2H]. The field configurations correspond to smooth "bump" 
functions which are localized within the scale of noncommutativity, and they are very 
different from the projections which generate the matrix algebras. The latter projections 
generalize the Power- Rieffel projections |HZj, and the corresponding fields wind around 
the torus thereby exhibiting a more non-local structure. In the context of tachyon con- 
densation on the two-dimensional noncommutative torus, the Boca projection has been 
employed in [HEl EHl HH EH EE] and the Powers- Rieffel projection in 01101 From the 
dynamically obtained Boca projection we will then use the matrix regularization on the 
noncommutative torus to induce approximations also of field theories on the noncommu- 
tative plane. 
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Outline 



The structure of the remainder of this paper is as follows. In section El we introduce 
the main characteristics describing field theories on the noncommutative torus, their con- 
nection with tachyon condensation, and the sequence of projections which will form the 
diagonal part of the matrix approximation. In sectionElwe describe in detail the construc- 
tion of the matrix subalgebras and the way the approximation is realized. In section 01 
which is the crux of the paper, we describe how to construct the matrix quantum me- 
chanics equivalent (in the limit) of a generic noncommutative field theory. In section El 
we present three examples of the formalism, involving the perturbative dynamics of 4 
scalar field theory on the noncommutative torus, the construction of D-branes as de- 
cay products in tachyon condensation, and a Hamiltonian analysis of noncommutative 
Yang-Mills theory in two dimensions. In the final section |H1 we describe the relationships 
between the solitons used for the matrix approximation and the Boca projection, the 
toroidal generalization of the GMS lump configurations, which leads to the planar version 
of the matrix model regularization. There we also describe the dynamics of solitons on 
the noncommutative torus through a a-model defined on their configuration space. Some 
technical details are presented in five appendices at the end of the paper. Some aspects 
of the present paper have been announced in |I6] . 

2 Solitons on the Noncommutative Torus 

In this section we will review the construction of solitonic field configurations on the 
two-dimensional noncommutative torus, primarily to introduce the physical notions, the 
notation and the definitions which will be used throughout this paper. We will begin with 
a review of the geometry of the noncommutative torus, emphasizing those ingredients 
which are important for the construction of noncommutative field theories. We shall then 
briefly review the construction of D-branes as solitons in the effective field theory of open 
strings, as this will set the main physical motivation for most of our subsequent analysis. 
Then we will describe an important set of projections for the noncommutative torus. 

2.1 Field Theories on the Noncommutative Torus 

Consider an ordinary square two-torus T 2 with coordinate functions U — e 2nlx and 
V = e 2niy , where x,y G [0,1]. By Fourier expansion the algebra C°°(T 2 ) of complex- 
valued smooth functions on the torus is made up of all power series of the form 



with {a m ^ r } G S(Z 2 ) a complex-valued Schwartz function on Z 2 . This means that the 
sequence of complex numbers {a m ^ r G C | (m, r) G Z 2 } decreases rapidly at "infinity", i.e. 




(2.1) 



(m,r)£Z 2 
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for any k E Nq one has bounded semi-norms 



a 



sup \a>m,r\ (l + \ m \ + l r l) fc < 00 • (2-2) 



(m,r)e2 2 



Let us now fix a real number 9. The algebra ^ = C°°(Tg) of smooth functions on the 
noncommutative torus is the associative algebra made up of all elements of the form (|2.1j) . 
but now the two generators U and V satisfy 

VU=e 2n[9 UV. (2.3) 

The algebra Aq can be made into a *-algebra by defining a *-involution f by 

U ] := f/" 1 , V ] := V- 1 . (2.4) 

From (|2.2j) with = one gets a C*-norm and the corresponding closure of Ae in this 
norm is the universal C*-algebra Aq generated by two unitaries with the relation (|2.3|) : 
Aq is dense in Aq and is thus a pre-C*-algebra. 

In the following we shall use the one-to-one correspondence between elements of the 
noncommutative torus algebra Aq and the commutative torus algebra C°°(T 2 ) given by 
the Weyl map Q and its inverse, the Wigner map. As is usual for a Weyl map, there are 
operator ordering ambiguities, and so we will take the prescription 

fi ( f™> r e 2ni{mx+ry) j := fm,r e nimrd U m V r . (2.5) 

\ (m,r)eZ 2 J (m,r)eZ 2 

This choice (called Weyl or symmetric ordering) maps real-valued functions on T 2 into 
Hermitian elements of Aq. The inverse map is given by 

a m,rU m V r \= a m , r e- wimrd e 2ni{mx+ry) . (2.6) 

\ (m,r)eZ 2 / (m,r)eZ 2 

Clearly, the map Q : C°°(T 2 ) — > Aq is not an algebra homomorphism; it can be 
used to deform the commutative product on the algebra C°°(T 2 ) into a noncommutative 
star-product by defining 

f*g:=n- l (n(f)n( g )) , /, 5 er(f). (2.7) 

A straightforward computation gives 

f*9= E (f * 9)n, r2 e 2 ^ +r ™\ (2.8) 

with the coefficients of the expansion of the star-product given by a twisted convolution 

(i ? * 9)r\.T2 ^ . fsi,S2 9r%— S1,T2— S2 e ^ ^ (2-9) 

(si,s 2 )ei? 



which reduces to the usual Fourier convolution product in the limit 9 = 0. Up to iso- 
morphism, the deformed product depends only on the cohomology class in the group 
cohomology H 2 (Z 2 , U(l)) of the C/(l)- valued two-cocycle on Z 2 given by 

\{r,s) := e wi{riS2 - r2Sl)e (2.10) 

with r = (r 1 ,r 2 ),s = (s x , s 2 ) G Z 2 . 

Heuristically, the noncommutative structure ()2.3|) of the torus is the exponential of 
the Heisenberg commutation relation [y,x] = i9/2ir. Acting on functions of x alone, the 
operator U is represented as multiplication by e 2nlx while conjugation by V yields the 
shift x i— > x + 9, 



vr l [un(f{x)) 

Q- 1 (vQ(f{x)) V' 1 
Analogously, on functions of y alone we have 

ST l (uSl(g{y))U- 1 

n- l (vn(g{ y )) 



2ir i x 



'fix) , 
f{x + 9) . 

g{y-0) , 
e 27riy g(y) ■ 



(2.11) 



(2.12) 



From (J2.3)) it follows that Aq is commutative if and only if 9 is an integer, and one 
identifies Aq with the algebra C°°(T 2 ). Also, for any n G Z there is an isomorphism 
Aq = Ae+n since (j2.3J) does not change under integer shifts 6 i— > + n. Thus we may 
restrict the noncommutativity parameter to the interval < 9 < 1. Furthermore, since 
UV = e~ 2nl9 VU = e 27rl ( 1 ~ e ) VU, the correspondence V ^ U,U ^ V yields an isomor- 
phism Aq = Al_0. These are the only possible isomorphisms and the interval 9 G [0, |] 
parametrizes a family of non-isomorphic algebras. 

When the deformation parameter 9 is a rational number, the corresponding algebra 
is related to the commutative torus algebra C°°(T 2 ), i.e. Aq is Morita equivalent to it in 
this case jHZI- Let 9 = p/q, with p and q integers which we take to be relatively prime 
with q > 0. Then A p / q is isomorphic to the algebra of all smooth sections of an algebra 
bundle B p / q — > T 2 whose typical fiber is the algebra M 9 (C) of q x q complex matrices. 
Moreover, there is a smooth vector bundle E p / q — > T 2 with typical fiber C 9 such that B p / q 



is the endomorphism bundle End(E p / q ) 
and shift matrices 



With uo 



, 2-irip/q 



one introduces the q x q clock 



/ 1 



C a 



\ 



CO 



U) 



\ 



CO 



9-1 



/ 



/ 



which are unitary and traceless (since ^2 



9-1 
k=0 
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0), satisfy 
■ 1„ 



0\ 



1 

0/ 



(2.13) 



(2.14) 
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and obey the commutation relation 

S q C q =UJ CqSq . (2-15) 

Since p and q are relatively prime, the matrices (j2.1r>j) generate the finite dimensional 
algebra M g (C): they generate a C*-subalgebra which commutes only with multiples of 
the identity matrix 1 9 , and thus it has to be the full matrix algebra. Were p and q 
not coprime the generated algebra would be a proper subalgebra of M 9 (C). The matrix 
algebra generated by C q and S q is also referred to as the fuzzy torus. 

The algebra A p / q has a "huge" center C(A p / q ) which is generated by the elements 
U q and V g , and one identifies C(A p / q ) with the commutative algebra C°°(T 2 ) of smooth 
functions on an ordinary torus T 2 which is 'wrapped' q times onto itself. There is a 
surjective algebra homomorphism 



tt, : A p/q — > M ? (C) (2.16) 



given by 



a m , r U m V r \= a m , r (C q ) m (Sq) r . (2.17) 

(m,r)6Z 2 J (m,r)e1 2 

Under this homomorphism the whole center C(A p / q ) is mapped to C. 

Henceforth we will assume that 9 is an irrational number unless otherwise explicitly 
stated. On A$ there is a unique normalized, positive definite trace which we shall denote 
by the symbol J : Ag — > C and which is given by 

/ a m , r U m V r := a 0fi = f dx dy Q' 1 ( ^ a m , r U m V r \ (x, y) . (2.18) 

Then, for any a, b G A$, one readily checks the properties 

ab=J-ba, f 1 = 1, -la j a>0,a^0, (2.19) 



with j a) a = if and only if a = (i.e. the trace is faithful). This trace is invariant 
under the natural action of the commutative torus T 2 on Aq whose infinitesimal form is 
determined by two commuting linear derivations d\, di acting by 

d 1 U = 2iriU 1 d!V = 0, 

2 U = 0, d 2 V = 2ix\V. (2.20) 

Invariance is just the statement that j d^a = 0, [i = 1, 2 for any a € Ae- 

The algebra Ae can be represented faithfully as operators acting on a separable Hilbert 
space TC, which is the GNS representation space H = L 2 (Ag , f) defined as the completion 
of Ae itself in the Hilbert norm 

1/2 

I°IIgns :: I +<Ja\ {/I:!}) 
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with a G Ag. Since the trace is faithful, the map Ag 3 a i— ► a G T~L is injective and the 
faithful GNS representation ir : .4.0 — > is simply given by 



7r(a)6 = ab 



(2.22) 



for any a,b E Ag. The vector 1 = 1 of W is cyclic (i.e. ir(Ae)l is dense in TC) and 
separating (i.e. 7r(a)l = implies a = 0) so that the Tomita involution is just J(a) = aft 
for any a G 7i. It is worth mentioning that the C*-algebra norm on Ag given in (12. 2 j) 
with = coincides with the operator norm in (|2.21j) when Ag is represented on the 
Hilbert space 7i, and also with the L°°-norm in the Wigner representation. For ease of 
notation, in what follows we will not distinguish between elements of the algebra Ag and 
their corresponding operators in the GNS representation. 

2.2 D-Branes as Noncommutative Solitons 

Let us now briefly recall how D-branes arise as soliton configurations which are described 
as projection operators or partial isometries in the algebra Ag of the noncommutative 
torus. We are interested in systems of unstable D-branes in a closed Type II superstring 
background of the form M x T 2 . The particular configurations comprise D9-branes in 
Type IIA string theory and D9-D9 pairs in Type IIB string theory. As it is by now well- 
known, the effect of turning on a non-degenerate 5-field along T 2 leads to an effective 
description of the dynamics of these systems in terms of noncommutative geometry [7T] . 
Integrating out all massive string modes in the weakly-coupled open string field theory 
yields a low-energy effective action that describes a noncommutative field theory of the 
open string tachyon field T and the open string gauge connection V. The classical equa- 
tions of motion admit interesting soliton solutions (2^1 EH EZj which lead to an open string 
field theory description of D-branes in terms of tachyon condensation as follows [72*] . 

In the Type IIA case (or alternatively the bosonic string), the tachyon field T on 
the D9-branes is Hermitian and adjoint-valued, and the tachyon potential is of the form 
V(T 2 — 11), whose global minimum at T = ± 1 is identified as the closed string vacuum 
containing no perturbative open string excitations. Solving the classical field equations is 
in general tantamount to seeking slowly-varying tachyonic configurations, i.e. [V,T] = 0, 
which extremize the tachyon potential, i.e. T V'(T 2 — 1) = 0. One thereby finds solutions 
in terms of projection operators P G Ag as 



A projection operator Pa.) of rank k induces a U(k) gauge symmetry on the lower di- 
mensional unstable D-brane (with worldvolume A4), whose dynamical degrees of freedom 
are operators on ker(T) — > ker(T). Since the projections are intimately related to the K- 
theory of the algebra Ag, this construction also illustrates the relation between D-branes 
and K-theory. 



T = 1 — P , P 2 



P 



Pt . 



(2.23) 
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In the Type IIB case, the tachyon field on the D9-D9 pairs is complex, and the tachyon 
potential is of the form 

V (T, T f ) = U (T f T- 1) +U(TT ] - l) , (2.24) 

in order to respect the symmetry given by the action of the operator (— 1) Fl which cor- 
responds to interchanging the branes and anti-branes (F^ is the left-moving worldsheet 
fermion number operator). Now the field equations imply that T must satisfy the defining 
equation of a partial isometry 

TT ] T = T. (2.25) 

The net brane charge is index(T) and, assuming for simplicity that coker(T) = 0, the 
dynamical degrees of freedom on the lower- dimensional BPS D-brane again arise from 
operators on ker(T) — > ker(T). 

In both the IIA and IIB situations, the tensions and effective actions of these soliton 
solutions match exactly with those of the lower dimensional D-branes P] EHl E] • in this 
way the projections and partial isometries of Ae generate exact D-brane solutions of the 
equations of motion, with the correct value of the tension. In constructing these D-brane 
projections, it is convenient to use not just a single projection operator in ()2.23|) . but 
rather a complete set of mutually orthogonal projections P* with [22] 

pi pi = «j y pi , P l = 1 • (2.26) 

i 

Appropriate combinations of the projection operators P* determine solutions of the Yang- 
Mills equations on Ae [HI]- In the following we will construct a natural system of pro- 
jections and partial isometries which determine matrix regularizations of these sorts of 
noncommutative field theories. 



2.3 A Sequence of Projections 

The archetype of all projections on the noncommutative two-torus is the Powers-Rieffel 
projection [HZj. To construct it, we first observe that there is an injective algebra homo- 
morphism 

p : C°° (S 1 ) — ► A e , 

and by using the commutation relations ()2.3j) it follows, in particular, that if f(x) is 
mapped to p(f), then V p{f)V~ 1 is the image of the shifted function f(x + 6). The map 
fl2.27j) is just the Weyl map (|2.5jl restricted to functions of the variable x alone with the 
corresponding properties (j2.11j) . 

One now looks for projections of the form 

Pe = V~ 1 p(g)+p(f)+p(g)V . (2.28) 
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In order that (|2.28J1 define a projection operator, the functions f,g& C°°(E> 1 ) must satisfy 
some conditions. First of all, they are real-valued and in addition obey 

g(x)g(x+9) = 0, 
(f(x) + f(x + 9)) g(x) = g(x) , 

g(x)+g(x-9) = y/f{x) - f{xf , (2.29) 

with < / < 1. These conditions are satisfied by putting 

{smoothly increasing from Otol < x < 1 — 9 

1 1-9 < x < 9 

l-f(x-9) 9 < x < 1 

( \ f < x < 9 

9{x) = { v m-m 2 9 <x< i ■ (2 - 30) 

There are myriads of other choices possible for these bump functions, and later on we will 
use a particular one which is useful for our generalizations. 

It is straighforward to check that the rank (i.e. trace) of Pg is just 9. From ()2.28j) and 
the expressions in (|2.30jl one finds 

i 

jPe = U = J dxf(x)=9. (2.31) 
o 

Furthermore, the monopole charge (i.e. first Chern number) of is 1. Given any projec- 
tion P, its Chern number is given by ^E] 

ci(P) = -^- jp (d 1 Pd 2 P-d 2 Pd 1 P) . (2.32) 

This quantity always computes the index of a Fredholm operator, and hence is always an 
integer. For the projection Pg one finds 



Ci(Pg) = -6 J dx g(x) 2 f'(x) = 1 , (2.33) 
o 

where the last equality follows from the explicit choice ()2.3()j) for the function /. 

When 9 is an irrational number, together with the trivial projection 1, the projection 
Pg generates the K group. The trace on Ag gives a map 

I ■ K (A) — > z + z# , 

r[l]+m[P fl ] i — > r -j- 1 + m -j- Pg = r + m9 (2.34) 
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which is an isomorphism of ordered groups The positive cone is the collection of 

(equivalence classes of) projections with positive trace, 

K+(A) = {(r,m) E Z 2 | r + m9 > 0} . (2.35) 

The projection Pg thereby leads to a complete set of projections for the entire lattice of 
Dp~-D(p — 2) brane charges. 

For completeness and later use, let us also add at this point a few remarks about 
the group Ki(*4<9). This group is made up of equivalence classes of homotopic unitary 
elements in Aq. It is easy to see that all powers U m V r are mutually non- homotopic. If 
U m V r and U m ' V r ' are homotopic, then so are e -^Hm-m'ye jjm-m' yr-r> and t But 

there cannot be a continuous path of unitaries from U m V r to 1 since f U m V r = for 
(m, r) 7^ (0,0), whereas/ 1 = 1. Passing to the matrix algebra M N (Ae) ■= Ag <g> Mtv(C) 
does not improve the situation since the same argument works with f replaced by f <S> Tr , 
where Tr is the usual N x N matrix trace. Thus 

Ki(^) = Z[U] © Z[V] . (2.36) 

For our purposes we will find it more useful to define two generalized families of pro- 
jections {P n } n >i and {P' n }n>i which are related to the even and odd order approximants 
of the noncommutativity parameter 

6 = lim 6 n , 6 n := V — . (2.37) 

n-+oo q n 

Any irrational number 9 can be treated as a limit ()2.37|) of rational numbers 8 n in a 
definite way by using continued fraction expansions. The approximants of 9, as well 
as the limiting process in (|2.37jl . are described in appendix where we also fix some 
number theoretic notation. For each n e N, following the Elliott-Evans construction [26 j , 
we define two Powers-Rieffel type projections by 

Pn = p(g n ) + p(f n ) + p(g n ) , (2.38) 

P'n = U q2n p'Wn)+P\fn)+P\9' n )U-^ , (2.39) 

where p' is the "dual" of the representation (|2.27]h 

g(y) = Y,9r e 2 * iry ^ p'(g) = Y,9rV\ (2.40) 

and now U p'(g)U~ l is the image of the shifted function g(y — 6). Again, the map ()2.40j) 
is just the Weyl map ()2.5|) restricted to functions of the variable y alone with the corre- 
sponding properties (j2.12|) . 

The importance of the projections ()2.38|) and ()2.39|) is that they provide the building 
blocks for the construction [26J of a sequence of subalgebras A n C Aq which converge to 
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the full algebra Aq of the noncommutative torus. We shall describe this construction at 
length in section El Each of these subalgebras is a sum of two algebras of matrix- valued 
functions on a circle. Heuristically, the picture which will emerge is that of two "solitonic 
fuzzy tori" which wrap around two circles. Any field on the noncommutative torus will 
thereby admit a regularization by two sets of matrix-valued soliton configurations, each 
of which is a function on a circle. 

In the remainder of this section we will describe the properties of the projections 
P n and P' n . Since for the time being we will work at a fixed approximation level n, to 
simplify notation we will suppress the subscript n on the functions /, g, f and g' and the 
subscripts 2n and 2n — 1 on the integers p and q. To distinguish q 2n from q2n-\ we will 
denote the former integer by q and the latter one by q', and similarly for p. Subscripts 
will be reintroduced whenever we discuss the limiting process explicitly. 

Let us then look for a projection of the form P n = V~ q ' p(g) + p(f) + p(g) V q ' . As for 
the Powers- Rieffel projection ([2.28)1 . the real- valued functions / and g must now satisfy 
the conditions 



g(x)g(x + q'6) = 0, 
(f(x) + f(x + q'9))g(x) = g(x) , 
g(x) + g{x - q' 6) = \/J{x) 



(2.41) 



with < / < 1. We shall also require / to have trace 

(3=p' -q'6 



(2.42) 



so that P n is of rank f3, and fix g in such a manner that its Ko-class is (p', — <?'). These 
numbers (3 also come in a sequence {/?2«} which is defined in appendix |XJ eq. (|A.8J) . 

As before, the functions / and g are "bump" functions which now differ from zero 
only in small intervals. Viewed as continuous functions, they are given by 4 
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-x + ± + 5 
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+ a 
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2q 
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2q 
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< 
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5 


< X 


< 


1 

2q 


a 





otherwise 



;2.43) 



where a < 5 < j- are positive quantities which are fixed by two conditions. The first one 



is simply that the trace of / be (3 = p' — q' 9, i.e. J Q dx f(x) = (3. From the explicit form 

4 We should really give a "smoothened" version of these bump functions. This can always be ac- 
complished without any difficulty |f 5| and we will implicitly assume that it has been done whenever 
necessary. 
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in ()2.43|) it is easy to see that the integral is just 5 + a. Thus the first condition is 



6 + <T = /3 . 



(2.44) 



The second condition comes from the usage of the projections P n in the approximation 
scheme that we mentioned earlier and it ensures the best possible transformation prop- 
erties for P n with respect to the generators U and V The condition consists in 
choosing / to have the least possible slope in the two intervals where it is not constant. 
The minimal slope is the larger of the two numbers (3~ l and (1/q — (3)~ l according to 
whether (3 is smaller or larger than l/2q. Again, from the explicit expression in (|2.4H|) 
the slope is just (S — er) _1 . Thus the second condition is 



a 



$ < h 
q - ? > k 

By putting together the conditions (|2.44J) and (|2.45J) we get 




a 







I) 



Examples of the functions / and g are plotted in Fig. ^ 



(2.45) 



p ^ k 



- > — 

2q h> — 2q 



(2.46) 



1 

. 8 
. 6 
. 4 
0.2 




. 2 



. 4 



. 6 



. 8 



Figure 1: Profiles of the bump functions f (solid line) and g (dashed line) used to construct 
the projection P n . The noncommutativity parameter is taken to be the inverse of the golden 
mean, 6 = /^, x , while the approximants are chosen as 02 n = f and dm-\ = f ■ 



One also defines a number (3' by the relations (1/q — (3) 1 := q/q' f3' . This is equivalent 

to 5 

0' = q9-p, (2.47) 

from which we have the relation 6 

q(3 + q'(3' = l. (2.48) 



5 The sequence {/32«-i} for the /3"s is denned in appendix 1X1 eq. (|A.9|I . 
6 See appendix El eq. (|A. 10|> . 



14 



The number f3' plays the same role for the projection P' n as /3 does for P n . 
By construction, the rank of P n is (3, 

1 

fp n = fo = J dx f(x) = (3 = p' - q'6 , (2.49) 
o 

while its monopole charge is —q', 

i 

Ci(P„) = -6 q' J dx g{xf f{x) = -q' , (2.50) 
o 

where the last equality follows from the explicit choice ()2.43j) for the bump functions. In 
a completely analogous manner one finds 

jp' n = P' = - p + q 9 , Cl (P'J = g. (2.51) 

Thus the projection P n in ()2.H8j) represents a soliton configuration carrying brane charges 
(P2n-i, — <?2n-i), and the integers P2 n -i an d qm-\ thereby parametrize the vacua of the open 
string field theory. The rank (3 of P n is the D-brane charge after tachyon condensation. 
Analogously, the projection P' n has brane charges (— £>2n,<?2n)- 

Because these solitons will converge to generic fields on the noncommutative torus, it 
is instructive to examine their spacetime dependence as elements of C°°(T 2 ). From ()2.Hj) . 
()2.6|) and ()2.H9j) we can easily compute the Wigner function on T 2 corresponding to the 
projection P n in terms of the bump functions ()2.43|) as 

n-\P n )(x,y) = /(x) + 2cos(27rg , y) g(x-\q'Q) . (2.52) 

The soliton field ()2.52j) represents a typical unstable D7-brane projection configuration 
and its shape is plotted in Fig. 121 Note that each physical field configuration ()2.52j) is 
concentrated in two regions, each of which is localized along the x-cycle of the torus 
but extended along the ^/-direction. It therefore defines tachyonic lumps that have strip- 
like configurations, unlike the standard point-like configurations of GMS solitons on the 
noncommutative plane. The first lump has a smooth locus of points and strip area 2a de- 
pending on both the D-brane charge and the monopole charge. The second lump contains 
a periodically spiked locus of support points, with period q' and area 5 — a. The spiking 
exemplifies the UV/IR mixing property that generic noncommutative fields possess, in 
that the size of the configuration decreases as its oscillation period (the monopole charge) 
grows. Similar considerations can be made for the Wigner function Q^ 1 (P' n )(x, y). 



3 Soliton Regularization of Noncommutative Fields 

We will now give the construction of the subalgebras A n and describe in precisely what 
sense these subalgebras approximate the full algebra Ae of the noncommutative torus |2E] • 
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1 

Figure 2: The soliton field configuration corresponding to the projection operator P n on 
the noncommutative torus. The noncommutativity parameter is as in Fig. Q The vertical 
axis is the Wigner function fi~ 1 (P n )(x, y) and the horizontal plane is the (x,y)-plane. 

We will also describe how to appropriately truncate fields to A n in such a manner that 
they are recovered in the limit n —>■ oo. Throughout we shall keep in mind the physical 
interpretations of these objects within the noncommutative D-brane soliton picture. In 
this section we shall describe in some detail how the pertinent matrix algebras emerge. 

3.1 From Solitons to Matrix Subalgebras 

For a fixed integer n, the subalgebra A n is constructed starting from the projections P n 
and P' n given in ()2.38|) and ()2.39|) . These two projections will give rise to two towers in 
Ag in which the two unitary generators U and V are treated symmetrically: one of them 
is modelled in one tower and the second in the other tower. A tower in Ae of height n is 
a family of n orthogonal projections in Ag all obtained from a single one by the canonical 
action of a cyclic subgroup of S 1 = T 1 of order n. In the present case the first tower will 
be of height q, with q projections of trace (3 = p' — q' 6, while the second tower will be 
of height q', with q' projections of trace (3' = q9 — p. The two towers will be orthogonal, 
i.e. the sum of the projections making up the first tower is the orthogonal complement 
of the sum of the projections making up the second tower. In order to achieve this it is 
necessary to adjust the second tower using the fact that any two projections in Ag with 
the same K -class are unitarily equivalent 68J . From the orthogonality property we must 
then have that 

q (j/ — q 6) + q (q9 — p) = qp — q p = 1 (3.1) 
which is just the relation (j2.48j) (see also ()A.10|) ). 

For the rest of this subsection we shall simply write P = P n and P' = P'„. Given the 
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projection P, we first "translate" it by the (outer) automorphism a : Ag — > Ag defined by 

a (U) = e 27T[p/q U , a{V) = V . (3.2) 

The corresponding Wigner function ()2.52j) is translated accordingly along the x-cycle of 
the torus T 2 , 

n- 1 (a(P))(x,y) = n- 1 (P)(x+p/q,y) . (3.3) 
By repeatedly applying a we can define new projections 

P* : = a <_1 (P) 

= V'*' p(g(x+{i-l)p/qj) 

+ p(f(x + (i - l)p/q)) +p(g(x + (i - l)p/qj) V*' (3.4) 

for i = l,...,q. Since a q = id, it follows that P = P 11 = pi +1 >Q +1 , Moreover, using 
the explicit form of ()2.43j) it is straightforward to check that the elements ()3.4)1 form 
a system of mutually orthogonal projection operators, i.e. P n P- 7 - 7 = 5ij P-". As the 
notation suggests, these projections are the diagonal elements of a basis for a certain 
matrix subalgebra of Ag which we are now going to describe. 

Let Hi C H = L 2 (A e , / ) be the range of the projection P M . Physically, if P M describes 
a collection of noncommutative D-brane solitons, then TCi is the corresponding Chan- 
Paton space of the brane configuration, and P n Ag P 11 is the algebra of endomorphims of 
this Chan-Paton space. Of course, this space (and its endomorphism algebra) need not 
be finite-dimensional, in which case the induced D-brane worldvolume carries a U{oo) 
gauge symmetry after tachyon condensation owing to the infinite collection of image 
branes on the torus. This infinite-dimensional symmetry corresponds to invariance of the 
noncommutative field theory under symplectomorphisms of the D-brane worldvolume • 
On each of the Tii the corresponding projection P u acts as the identity 1, while for j ^ i 
one has Tii C ker(P^). In the D-brane picture, this means that the dynamical degrees 
of freedom on any pair of distinct non-BPS solitons acts on each other's massless open 
string states. 

We will also need another set of operators which map one Chan-Paton subspace into 
another, as they will be the off-diagonal elements of the matrix algebra basis. For this, 
we consider the operator 

n 21 := p22 K pll (35) 

This operator is a mapping from Tii to 7^2, but is not an isometry, i.e. (Il 21 )^n 21 ^ 1. 
This fact may be remedied somewhat by introducing a related partial isometry P 21 , i.e. 
an operator for which (P 21 )t P 21 and P 21 (P 21 )^ are projection operators, or equivalently 
p2i (p2i^t p 21 — p 21 Such an operator is given by the partial isometry appearing in the 
polar decomposition 

n 21 : = p 21 |n 21 | , |n 21 | = ^ (n 21 ) t n 21 , (3.6) 
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which is well-defined since the operator (|3.5jl is bounded. The decomposition ()3.6|) is 
understood as an equation in the representation of the algebra A$ on the Hilbert space 
H, so that P 21 G Ae- The physical significance of such an operator is that it is unitary in 
the orthogonal complement to a kernel and a cokernel, and hence will produce localized 
solitons (in the Wigner representation). The operator IT 21 and the partial isometry P 21 
come arbitrarily close to each other in the large n limit in the sense that 

lira ||n 21 -P 21 || =0. (3.7) 



By using (|2.3|h (|2.6jl and ([3.4)1 . a straightforward calculation gives the Wigner function 
on T 2 corresponding to the operator ()3.5|) in terms of the periodic bump functions ()2.43j) 

as 

e-^n-^E 31 ) (*,!,) = /(Wf-f) f(x + l)+g(x + ^-l)g(x + l) 



g{x + l) 



+ e 



-4-7T i q' y 



+ e 



2tt i q' y 



g\x + 
f(x + 



p e 



5 9\x- 



q 

v (g'+i) 



g\x- 



+ f[x + 



g[x + 



(q'-l)0 



2 



+ e 



-2iriq' y 



p , (g'-l)g 



^ \ X ~ 2^ 



g[x + E «+m 



(3.! 



According to ()3.7|1 . the function ()3.8|) represents the typical stable D7-brane soliton par- 
tial isometry (at least for sufficiently large approximation level n) . Its shape is plotted in 
Fig. El Again, the multi-soliton image is apparent, with smooth and periodically spiked 
support loci. Note that while the modulus of the function expectedly displays the charac- 
teristic strips of projection solitons, the lumps of its real and imaginary parts are point-like 
configurations. 

Using (|3.5jl and ()3.6j) . we may now define translated partial isometries analogously to 
what we did in ()3.4j) as 



3 i+2,i+l ._ 



a 



(P 21 ) 



q-2 



where a is the automorphism defined in ()3.2|) . Finally, we also define 



(3.9) 



(3.10) 



The important fact, proven in appendix El is that for the operators (J3.4)) and ()3.9)1 which 
we have defined, there is a set of relations 



p« P kl = S jk P il 



(3.11) 
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Figure 3: The soliton field configuration corresponding to the operator on the noncom- 
mutative torus. Displayed are its real part (top), imaginary part (middle), and modulus 
(bottom). Parameter values and axes are as in Fig. 
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These relations suggest the definition of q 2 operators P*- 7 , 1 < i, j < q. The remaining 
cases (j 7^ i and j ^ i ± 1) are defined by (j3.11|) . For example, P 13 := P 12 P 23 , and so 
on. Recall that Hi C Ti = L 2 (Ag , f ) is the range of the projection P n . Then, the newly 
defined operators P u obtained in this way are partial isometries which are mappings from 
Tij to Tii, i.e. elements of P u AgP^. For the collection of all of them {P y }i<ij< ? , the 
relation (|3.1H1 holds. In this way we can complete the sets of operators (|3.4|) and ()3.9|) 
into a system of matrix units which generate a q x q matrix algebra. Because of (|3.1ip . 
a generic element of this algebra is a complex linear combination £V . P iJ and the 
product is the usual matrix multiplication. 

There is, however, a caveat. The operators P l+2 > 1+1 in (j3.9j) are only defined for 
i < q — 2, and this is in fact sufficient to define all of the P u using (j3.11j) . including 

pi? ._ pl2 p23 _ _ _ pq-l,q ]^)) 

On the other hand, we can also define 

p> -=a q - 1 (P 21 ) . (3.13) 

For the g x q matrix algebra to close, it would be necessary that the two operators defined 
by (j3.12|) and (j3.13|) coincide. This is not the case. However, although they are not 
identical, both of these operators are isometries from 7i q to TCi. As a consequence, they 
are related by an operator z which is unitary on Tlx, i.e. a unitary element of P 11 Aq P 11 , 
and which is therefore a partial isometry on the full Hilbert space Ti. We therefore have 

P lq :=zP lq . (3.14) 



This means that the matrix units P u , along with the partial isometry z, close a sub- 
algebra of Ag, in which, using (|3.11|) . a generic element is a complex linear combination 
of the form 

q 

Hz)=J2 Yl ">r-i-- :J '' P ' J ■ ( 3 - 15 ) 
k<=z i,j=i 

By regarding z as the unitary generator of a circle S 1 , this subalgebra is (naturally isomor- 
phic to) the algebra M (? (C 00 (S 1 )) of q x q matrix- valued functions on the circle. Since we 
are interested in continuous and differentiable functions, we will always assume that the 
complex expansion coefficients a^-^ in ()3.15|) are of sufficiently rapid descent as k — > oo, 
i.e. {aij-k} G M 9 (C) ® <9(Z). The identity element of this subalgebra is 

q 

l q = J2P li . (3.16) 

i=l 

From the above definitions it follows that the trace of the matrix units is given by 

^P ij (3.17) 
In particular, the identity element (|3.16|) has trace fH q = qP. 
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In the same way, by starting from the projection P' = P' n in ([2.39)1 . a second set of 
dual projections {P n ' l '}i<i>< q ' can be built. This is tantamount to using the Z 4 Fourier 
transformation U \— > V, V h- > U^ 1 and (p, q) <-> (— p', —q') in the above construction. 
The dual set of projections is not orthogonal in Ag to the first set above. However, 
because of (13.17)1 and the Diophantine property of appendix |X[ eq. (jA.lOjl , the second set 
is complementary to the first in the sense that the K -class of P M + P' % ' 1 ' is equal to 
the class (1,0) of the unit element of A$. It follows that P'*'*' ls unitarily equivalent 
to 1 — P u (as we have mentioned, any two projections in Ae with the same Ko-class 
are unitarily equivalent [HE])- 

We can therefore "rotate" the dual set of projections by conjugating it with the cor- 
responding unitary operator w, and thereby obtain a gauge equivalent set of projections 
which is orthogonal to the first set. This unitary operator can be chosen in such a manner 
that lim^oo || [U, w n ]\\ = lim T1 _ +C!0 || [V, itr n ] || = 0. This is essential to ensure that the 
orthogonal direct sum of the two algebras built from each set of projections contains el- 
ements approximating the unitary generators U and V of the noncommutative torus Ae, 
as will be analysed in more detail in the next subsection. With the gauge transformed 
dual projections P' 1 ' 1 ' := wP' % ' 1 ' w\ we can now build another set of matrix units P' 1 '- 7 ', 
1 — i',j f — q' which again close a q' x q' matrix algebra up to a partial isometry z'. 

By proceeding as before, for each integer n, one generates an algebra which is isomor- 
phic to a matrix algebra 

An = M q2n (r^ 1 ))®^., (^(S 1 )) . (3.18) 

The direct sum arises from the orthogonality of the two towers based on the projections P n 
and P' n , respectively. As we will discuss further later on, it is essential to have two copies 
of such matrix algebras as in (|3.18j) . for K-theoretic reasons. In what follows we will often 
use a matrix notation for the elements of A n . The matrix elements are always understood 
to be multiplied by the operators P u and P /4 ' J ' when regarding them as elements of Ag. 

3.2 The Approximation 

We are now ready to describe in which precise sense the algebra A n in (13.18)1 approximates 
the full noncommutative torus Ag [26 . A derivation of this approximation by means of 
Morita-Rieffel equivalence bimodules is presented in (2Z| (see also [US!)- We stress that 
A n , being constructed out of elements of the noncommutative torus, is a subalgebra of 
Ag. The fact that this subalgebra approximates the noncommutative torus resides in the 
fact that for each element a G Ag, it is possible to construct a corresponding element 
a n G A n which approximates it in norm. The key ingredients in the construction are two 
unitary elements U n , V ra G A n which closely approximate the generators U and V of Ag. 
The approximation improves as n — > oo, whereby the distance, in norm, between U n and 
U and between V n and V becomes arbitrarily small. We will give the matrix expressions 
for U n and V n and the estimate of their difference from U and V without proof, referring 
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to |26] for details. In this subsection we shall reintroduce the subscripts n on all quantities 
in order to be able to take limits. 

As we recall in appendix El one can approximate the noncommutativity parameter 9 
by sequences of even and odd order approximants 9 2n < < 9 2n -i with 9 k = Pk/qk- F° r 
each level n we introduce roots of unity 



2n i 6>2„ 



, 27Ti0 2 n-l 



with (u r , 



\<J-2r, 



1 = (u' n y^-\ Define 



U, 



<l2n 



i=l 



tOr. 



\i — 1 



' 92n-l-l 

E p; i '- i '+ 1 + ^ p; 92 ™- 1 ' 1 
t'=i 



</2„ 



(0) 



(3.19) 



' <J2n — 1 



<32n-l 



v„ 



i'=l 



(0) <32nX<J2n-l 



(3.20) 



92n-lX(J2n '-'ffin-l 

where generally (a) gX r denotes the gxr matrix whose entries are all equal to a G C. In 
these expressions, for any pair of relatively prime integers p, q with q > 0, C q is the q x q 
unitary clock matrix as in (j2.13J) . while for any z G S 1 , S q (z) is the generalized q x q 
unitary shift matrix 

/0 1 0\ 
1 



with 



(S q (z))' 



1 

0/ 



(3.21) 



Zlr, 



(3.22) 

The generalization in the shift matrix ()3.21|) resides in the presence of the generic circular 
coordinate z. It becomes the usual shift matrix in ()2.13|) when z is taken to be equal to 1, 
5, = 5,(1). 

As mentioned in section l2~T| the clock and shift matrices C q and S q (l) form a basis for 
the finite-dimensional algebra M 9 (C) of q x q complex- valued matrices. By considering 
both z and z' to be the unitary generators of two distinct copies of the algebra C 00 ^ 1 ), 
the matrices ()3.20|) generate the infinite-dimensional algebra A n = M q2n (C 00 ^ 1 )) © 
M. q2n _ 1 (C 00 ^ 1 )) of matrix- valued functions on two circles. From their definition in ()3.20|) . 
one finds that 



(U r 



\<?2n <?2n-l 



"-<J2n 



(0) 



<?2n-l X<j2n 



(0) <J2nX<J2n-l 

z 'q2n V 



L <?2n-1 



(V„ 



\<?2n <?2n-l 



»92n-l 11 

^ -"-g2n 

(0)<?27i-lX(}2n 



(0) 92n 



X<J2n-l 



1 



92n-l 



(3.23) 
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and these matrices generate the center C 00 ^ 1 ) © C 00 ^ 1 ) of the algebra A n . Moreover, 
U n and V n have a commutation relation which approximates the one ()2.3|) of U and V, 

V n \) n = u> n U n V n (3.24) 

with 



£ © 4 £ p'/ 1 ' = rf T n 92,1 ™ X92 - 1 • (3.25) 



<?2n <J2n-l 

i=l i'=l 

In all of these expressions we have stressed the important double interpretations of these 
generators. The first equality emphasizes that they are still elements of the algebra Ae 
(i.e. they are expandable in a basis of solitons on the noncommutative torus), while the 
second equality reminds us that they are elements of a matrix algebra (i.e. they are 
matrix- valued fields on two circles). 

Following we will now argue that the matrix algebra A n "approximates" the 
noncommutative torus Ae- Some of the technical details are given in appendix O As 
recalled in appendix in the limit n — > oo both sequences dm and dm-\ converge to 6 
and both sequences q2 n and q^n-i diverge. Then, the generators U n and V n of A n converge 
in norm to the generators U and V of Ae as 

\\U - \J n \\ Q < e n , ||V-V n || <e n , (3.26) 

where 

( 1 1 | n ( Q2n-1 $271-1 \ / qo m 

e n = max — , C (3.27) 

\q2n <?2n-l/ \ <?2n P2n / 

and C is a suitable bounded function. For each n one now constructs a projection 

Tji • Aq > ) 

a= £ a m , r [/ m y .— T n (a)= £ a m , r (U n ) m (V n ) r , (3.28) 

(m,r)eZ 2 (m,r)eZ 2 

which using ()3.23|) can also be written as 

<?2ra<J2n-l 

r„(a)= £ A? (Un) 1 (V B y (3.29) 
«,i=i 

where 

4H I Z Tq2n 1 lq 2n (0) g2 „xg 2n -i \ /o on\ 

In particular, T n (U) = U n and T n (V) = V n , which along with ()3.24|) shows that T n is not 
an algebra homomorphism. It becomes one, however, in the limit n —>■ oo. The crucial 
fact is that for any element a e Ae, its projection T n (a) is very close to it in norm, in the 
sense that from ()3.26j) it follows that their difference goes to zero in the limit, 

lim lla — r n (a)|| = 0. (3.31) 
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Therefore, to each element of Ae there always corresponds an element of the subalgebra 
An to within an arbitrarily small radius. A generic element a G Ae can be approximated 
to arbitrarily good precision by a matrix-valued function on two circles of the form 

r n (a) = a n (z,z') = ( ^ffr 1 ) , (3-32) 

\A u J<?2n-iXg 2 „ a n\ z ) J 

with a n (» G M ?2n (C 0O (§ 1 )) and a' n {z') G M g2n _ 1 (C°°(§ 1 )). Only the information about 
the higher momentum modes a mr of the expansion of a is lost (i.e. for m, r > q2nl2n-i), 
and these coefficients are small for Schwartz sequences. Hence the approximation for large 
n is good. 

It is possible to prove an even stronger result j2E] which gives a concrete realization of 
the noncommutative torus as the inductive limit Ae = U^Lo &n °f an appropriate inductive 
system of algebras {B n , i n } n >o, together with injective unital *-morphisms i n : B n > B n+ i. 
It turns out that, for K-theoretical reasons, the finite level algebras B n must be taken as 
B n = A2n+i, with the latter algebra of the form ([3. 18)1 . The crucial issue here is that the 
embeddings from one algebra to the next one must be taken in such a way that, in the 
limit, the K-theory groups 1)2.34)1 and (J2.3fij) of the noncommutative torus are obtained. 
That a judicious choice here is indeed possible follows from the K-theoretic properties 
K°(S 1 ) = K 1 (S 1 ) = Z of the circle, so that by Morita equivalence the K-theory groups of 
the matrix algebras A n are given by 

K (X) = Kx(X) = Z©Z , (3.33) 

with the canonical ordering Kq (An) = No © No for the dimension group. The details 
are described in appendix [Dl A very heuristic explanation for the necessity of using two 
towers in the matrix regularization will be given in the next section. 

The physical interpretation of the projection 1)3.29)1 should be clear. On the original 
noncommutative torus, there is an infinite number of image D-branes parametrized by 
the momentum lattice Z 2 of the quotient space T 2 = M 2 /Z 2 used to construct the brane 
configurations from the universal cover of the torus. The mapping ()3.29jl thereby corre- 
sponds to a truncation of fields on the noncommutative torus in such a way that there 
are only a finite number q2 n Q2n-i of image D-branes on T 2 at each level n, corresponding 
to the collection of physical open string modes which are invariant under the action of 
the cyclic group Z g2ng2n l x Z g2n32nl . The Wigner map can also be used to determine the 
finite two-cocycle that appears in the twisted convolution of the image of the product in 
the finite algebra, giving the analog of (J2.9J) for the noncommutative torus, although we 
shall not investigate this matter here. 

Instead, in what follows it will be more useful to encode the noncommutativity of the 
algebra A n by using the usual matrix multiplication of functions on a circle S 1 . We then 
obtain an expansion of noncommutative fields in terms of both stable and unstable D- 
brane solitons on the torus T 2 . The remarkable fact about this soliton expansion is that it 
leads to a description of the dynamics of a noncommutative field in a very precise way in 
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terms of a one- dimensional matrix model, whose (inductive) limit reproduces exactly the 
original continuum dynamics. This is quite unlike the situation with the zero-dimensional 
matrix model regularizations of noncommutative field theory ^EJEHIIE], whereby the finite- 
dimensional matrix algebras can never realize the noncommutative torus as an inductive 
limit 64] . In the present case the regularization in fact mimicks most properties of the 
continuum field theory already at the finite level, owing to this much stronger limiting 
behaviour. In the following we shall explore the implications of the soliton regularization 
within this context. 

4 Noncommutative Field Theory as Matrix Quan- 
tum Mechanics 

In this section we shall go back to the setting of section l2~2l and consider open superstring 
field theory on the background Ai x T 2 . As discussed there, in the presence of a constant 
-B-field the tachyon fields T are functions on A4 — > Ae- The generic situation we will 
therefore consider is that there is a set of fields, which we denote collectively by with 
Lagrangian density C, all of which are functions on Ai — > Ae- By remembering that on 
the algebra Ae the integration is given by the trace (|2.18|) . the action for noncommutative 
string field theory compactified on a two-torus can be written schematically as 



where G s and G^ v are the effective coupling and metric felt by the open strings in the 
presence of the constant -B-field along T 2 , g s is the closed string coupling constant, and 
fig is the spacetime-filling D-brane tension in the absence of the .B-field. The derivatives 
8^, fi = 1, 2 are the canonical linear derivations on Ae defined in (I2.20J) . 

We will now use the mapping ()3.28|) onto the approximating subalgebra A n in (j3.18|) 
to build a matrix field theory which regulates the field theory (|4.1|) on A$- Using ()3.32|) 
we replace the fields $ on Ae by the fields $> n (z,z') on A n which are direct sums of 
Q2n x <?2n matrix fields <& n (z) and g2n-i x toi-i matrix fields <&' n {z') on S 1 . We need 
to examine the actions of the trace 1)2.18)1 and derivative ()2.2()j) on the algebra A n . We 
will reinterpret them as operations on the matrix algebras A n , without reference to their 
embeddings as subalgebras of the noncommutative torus Ae, which in the n — > oo limit 
converge to the trace and derivative on Ae- The resulting matrix quantum mechanics can 
be regarded as a non-perturbative regularization of the original continuum field theory 
on the noncommutative torus, which is obtained as the limit n — ► oo. 

4.1 Spacetime Averages 

Let us start with the canonical trace. On elements of Ae the trace (|2.18j) is determined 
through the definition j U m V r := 5 m oS r Q. To determine the trace of corresponding ele- 




(4.1) 



M 
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ments of A n , we note that because of ([3. 17)1 . traces of powers (U n ) m (V n ) r of the generators 
(13.20)1 vanish unless the corresponding powers of both the clock and shift operators are 
proportional to the identity elements 1 q2n or l 92n _ 1 , which happens whenever m and r 
are arbitrary integer multiples of g 2 n or q^n-i- From the definitions of the unitaries z and 
z', we further have 

j- Z m 1 q2n = q2n fori S m , j- z' m lg 2n _ 1 = ?2n-l fon-1 $m0 , (4-2) 

from which it follows that 

fim,q 2n k $r0 + <?2n-l fon-1 $m0 $r , g 2 n-l k) ■ (4-3) 



In the large n limit, by using (|A.10)1 we see that the trace Jr ra (a) is therefore well 
approximated by a 0)0 , since the correction terms a q2n k,o and a 0q2nlk for /c 7^ are 
then small for Schwartz sequences. It is now clear how to rewrite fT n (a) in terms of 
operations which are intrinsic to the matrix algebras 1)3.18)1 . The trace ()4.2)1 can be 
reproduced on functions on S 1 by integration over the circle, while the trace of the matrix 
degrees of freedom are ordinary g 2n x q 2n and g 2 n-i x <?2n-i matrix traces Tr and Tr', 
respectively, accompanied by the appropriate normalizations q2nfon and (fen-i fon-i- m 
A n , we regard z and z' as ordinary circular coordinates and set z := e 27rlT , with r £ [0, 1), 
and z' := e 27rlr ', with r' G [0, 1). It then follows that the trace of a generic element flQl 
can be written solely in terms of matrix quantities as 



1 1 
jzn = fon j dr Tr a n (r)+/3 2 n-i j dr' Tr'a' n (r') 



(4.4) 







4.2 Kinetic Energies 

The definition of the equivalent of the derivations ()2.20)) is somewhat more involved. We 
will define two approximate derivations V M , \i = 1, 2 on A n , which in the limit n — > 00 
approach the d^s. They are approximate derivations in the sense that the Leibniz rule 
holds only in the limit. They are, however, sufficient for the definition of the regulated 
action. For this, let us look more closely at the map a^a„ = T n (a) defined in (J3.29J3.30j) . 
and express it as a power series expansion 

a n (z,z') = a n (z) © 3' n (z') 



E E <' M ,* z " (C » J " {s - {z)y 

i,j=l k&L L 2 Jo'- 1 ' 



qin-\ 



E E <*; ( ;Wi * z '" (s — (c — ) • (4 ' 5) 



where [-] denotes the integer part. Notice that the roles of the clock and generalized 
shift matrices are interchanged between the two towers. The shift in the first index of the 
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expansion coefficients in the first tower effectively sets the range of the powers of the 
clock operators to lie symmetrically about in the range — [^n] , • • • , [^jn- It is made 
for technical reasons that will become clearer below. An analogous argument holds for 
the second index of a'W in the second tower. The remaining momentum modes lie in the 
range j = 1, . . . , q 2n and i' = 1, . . . , qm-\- While differences between the various index 
range conventions vanish in the limit n — > oo, they do affect the convergence properties 
of the finite level approximations. 

The expansion coefficients of ()4.5|) may be computed from ()3.29I3.30|) to get 



(n) 



/(n) 
a i',j';k' 



'^ a i+q2nl~\ S ¥-] n ,3+q2nk ' 

S V 9 an-lfc',i'+®n-lI'-[Sa=l] n ' (4 ' 6) 
Mail L 1 J 



In the first tower the coefficients of the high momentum modes of U are summed to low 
momentum ones. However, for Schwartz sequences this "correction" is small and vanishes 
as q2n — > oo. The choice of the range of powers of the clock matrices made in ()4.5|) was in 
fact motivated by the necessity to be able to ignore these small coefficients. In the second 
tower it is the high momentum modes of V which are lost. The interplay between the two 
towers is such that they neglect different high momentum modes, so that in a certain sense 
the two errors "compensate" each other. The representation (J4.5|4.6j) thereby provides a 
nice heuristic insight into the role of the two towers in the matrix regularization. 

Let us now look at the projection of d\a = 2ti i r m a m , r U m V r in the two towers. 
By using 1)4.6)1 the corresponding expansion coefficients may be written as 



(TJdta))... = 2?r V (i + q 2n - J a r« 1 

V V l)l <rM HAn L 2 J / i+q 2n l- «2a \ n ,j+q 2 nk 



{Y n {d x a))' ,. k , = 2niJ2V + <l2n-ik'\ 



'+q 2n _ 1 k'J'+q 2n . 1 l'- [Sa=l] Q 



= 2vri {i' + q 2n ^k') a^),. k , . (4.7) 

In the first set of equalities in (|4.7jl the neglected terms in the second equality vanish for 
Schwartz sequences as n — > oo, while in the second set no approximation is necessary. 
The same reasoning can be repeated for the projection of <9 2 a, and together these results 
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suggest the definitions 

Via n (z,z') = 2ni 



>l2n 



<?2n-l 



',j'=i k'ez L 2 J ' 



V 2 3 n (z, z' ) = 2vri 



'12 n 



E E0'+^)<Wi * fe (^(«v(*)) : 



<J2n-l 



i'j'=l fc'ez L 2 Jo' 



(4.t 



These two operations converge to the canonical linear derivations on the algebra Aq and 
satisfy an approximate Leibniz rule which is proven in appendix lEl 

We now wish to express the "derivatives" ()4.8j) as operations acting on a n (z, z') ex- 
pressed as a pair of matrix-valued functions on circles, 



Q2n 



92-11-1 



ail z k 



) E E u 

kez i,j=i 



P« © E E a i^j']k' P'n j ■ 

k'&L i',j'=l 



(4.9) 



For this, we need to find the appropriate change of matrix basis between the two ex- 
pansions ()4.5j) and ()4.9j) . We will do this explicitly below only for the first tower, the 
analogous formulae for the second tower being the obvious modifications. 

The key formula which enables this change of basis is provided by the identity 



92n-J 



12r. 



=92n-J + l 



which is readily derived from the ort honor mality relation (j3.11|) . A straightforward con- 
sequence of (j4.10|) . the trace formula ()3.17|) . and the identity 



i _ g2 'l 

— VK) ( ( S - S '' = 5 88 , for s, s' G Z q2n 

q2n ^ 



(4.11) 



is that the elements of the matrix basis of the expansion ()4.5|) are orthogonal, 



Tr 



ov»y {cis] \{c q2n y {s q2n (z)) 



Q2n (^2n Si s 5 



.it 



(4.12) 



From ()4.12j) it follows that the expansion coefficients of (J4.5)) may thereby be computed 

as 



a 



(n) 



1 



92n/?2n J 2tT i Z^ 1 



dz 



Tr a n (z) (S q2n (zYY (C\J . (4.13) 
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By substituting ()4.9|) into ([4. 13)1 . and using ()4.10|) along with (j3.17|) . after some algebra 
we arrive at the change of basis a^: k i— > a ilk m ^ e f° rm 



On) 1 



;+ 



M # <?2n 



qin-3 q2n 



a s ,s+j;k y^n) + 2^ a s,s+j~q 2n ;k+l ^n) 

S=l S=<J2n-j + l 



(4.14) 

On the other hand, from (j3.17|) it follows that the expansion coefficients of ()4.9|) may be 
computed from 

a '"i^/2^ Tra "' 2 » P ?- <" 5 > 
By substituting ()4.5|) into (j4.15J) . and again applying ()4.10|) and ()3.17|) . we arrive at the 

(n) (n) 
i,j;k l_ * %;fc 



change of basis <x-"L i— > a^".i in the form 



s=l 



EK)*" 1 ' >< (n)* 4 ^ ^ ■ • (4-16) 



Let us now deal with the derivative Vi acting on the first tower in (|4.8|) . and substitute 
i at r n in place of a r n in (14.1611 to obtain the canonical matrix elements bT^.i, 

of the expansion of Via n (^, z' ) analogous to ()4.9|) . For i < j, it follows from ()4.14|) that 
they are given by 



1 92n 



,(n) 

's',s'+j— i\k 

1 

<?2n 

» 



(4.17) 



s'=g2n+«-i+i 

with a similar expression in the case i > j. To understand the geometrical meaning of 
the expression (|4.17p . we recall that the translation generators on the ordinary torus T 2 
are given by 

e"^ Sl f(x,y) e^ 1 =f(x + x ,y) (4.18) 

plus the analogous expression for the shift in y. The canonical derivations on the fuzzy 
torus, i.e. the discrete versions of these operators, are realized in a unitary fashion (rather 
than Hermitian) and are given by clock and shift matrices as [U Ej 



<?2n d « C <?2n)j,j;fc _ U^.fc, 
{ S l2 n ^S q2n )... k = a \i-l] q2n ,[j + l] q2n -k ( 4 - 19 ) 

with [•] denoting the integer part modulo q. Given that the periodic delta-function on 

the cyclic group Z g2n is represented by the finite Fourier transform (|4.11|) in terms of 

the (^n-th roots of unity cu n , the sum Y2t t (a; n )*( s ~ s ) may be formally identified as being 

proportional to a discrete derivative of the delta-function 7 on 'L q2n . 

7 To understand this identification better, it is instructive to recall the Fourier integral representation 
of the Dirac delta- function 8{x) — J R dfc e lkx on the real line R. From this formula it follows that 
S'(x) = i L dfc k e 1 k x is the Fourier expansion of the derivative of the delta-function. 



a n C„. ). . , = [UJ n ] 3 1 a 



» 
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The relation (|4.17|) thereby identifies a finite shift operator £ acting on functions 
/ : Z g2n — > C. It may be regarded as the "infinitesimal" version of the shift operation in 
(14. 19)1 . according to the definition 

^tW iM) /M:=W). (4-20) 



9an a ,t=i 



In components this operator can be written as E/(s' ) = J2 S ^ss' f(s) with 



27T 1 



E ss , = --Vt( Wn )^. (4.21) 

For the action on matrices we define 

(Ea n ) ii;fc := b% . (4.22) 

In components its action on matrix-valued functions on a circle is given by the expression 
Sa n (r) ii = J2 st S(r)i J>t a„(r) si , with 



^( T )ij ,st — ^is x 



5t,s+j-i i < j l<s<q 2n + i-j 

j-i- q2n e 27rlr i < j q 2 n + i-j + 1< s <q 
St,s+i-j j < i l<s<q 2n +j-i 



<J t . +i _i_a an e 27rlr j < i g 2n + j - i + 1 < s < q 2n 



t,s+i— J— q2v 

The skew-adjoint shift operator £ defines the finite analog of the derivative d\ acting on 
the matrix part of the expansion ()4.9)1 . 

Proceeding to the derivative V 2 acting on the first tower in (|4.8jl . by defining the 
"infinitesimal" clock operator 

2~i./rt, ; (4.24) 
we may write the canonical matrix expansion coefficients c\^. k of j a^ n K -, using ()4.14j) 
and (gIE| as 

The operator H defines the "infinitesimal" version of the clock operation in (|4.19jl and 
yields the finite analog of the derivative d 2 acting on the matrix part of the expansion 
([4.9)1 . In this sense, the derivative terms in this matrix model are more akin to the 
derivatives obtained by expanding functions on the noncommutative plane in a soliton 

basis pi HUGH EH E2 EE]. 

Finally, the components of the derivations in ()4.8jl which are proportional to the 
circular Fourier integers k are evidently proportional to the derivative operators zd/dz of 
S 1 acting on a n (z). Completely analogous formulae hold also for the second tower in (|4.8|) . 
In this way we may represent the derivatives (|4.8|) acting on matrix- valued functions (|4.9jl 
on S 1 as 

Via^O = Sa n (r) © {q 2n _ x a' n (r' )+[»', a' n (r' )]) , 

V 2 a n (r,r') = (g 2n a n (r) + [S , a n (r)] ) ©E'a'Jr'), (4.26) 

where a n (r) := da n (r)/dr and a' n (r') := da^(r' )/dr'. 
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4.3 Approximate Actions 

We can now write down an action defined on elements of A n which approximates well the 
action functional (j4.1j) as 



with V M , fi = 1,2 given by (|4.2fi|) . The noncommutativity of the torus has now been 
transformed into matrix noncommutativity Note, however, that this is not the Morita 
equivalence of noncommutative field theories, which would connect a field theory on the 
noncommutative torus to a matrix theory on the regular torus T 2 . Here the matrix model 
is defined on a sum of two circles, and the procedure is exact in the limit, in the sense 
that the algebras A n converge to Ag in the manner explained in the previous section. The 
fact that ()4.27|) already involves continuum fields is also the reason that the derivations 
f!4.26|) are infinitesimal versions of the usual lattice ones (|4.19|h and in the present case 
the removal of the matrix regularization does not require a complicated double scaling 
limit involving a small lattice spacing parameter. In the next section we shall study some 
explicit examples of this approximation to field theories on the noncommutative torus and, 
in particular, describe some aspects of their quantization in the matrix representation. 

5 Applications 

In this section we will briefly describe three simple applications of the matrix quantum 
mechanics formalism. First, we shall analyse how the perturbative expansion of noncom- 
mutative field theories is described by the matrix model. We show that at any finite 
level n, there is no UV/IR mixing present in quantum amplitudes, but that the stan- 
dard divergences are recovered in the limit n — > oo. This suggests that the present 
matrix formalism could be a good arena to explore the renormalization of noncommuta- 
tive field theories. Second, we examine a simple model for the energy density in string 
field theory. We show that the correct tension of a D-brane in processes involving tachyon 
condensation is already reproduced at a finite level in the matrix model. This feature 
fits well with the recent proposals on the description of tachyon dynamics in open string 
field theory, using one-dimensional matrix models for strings in two-dimensional target 
spaces jSHl EH HOI EZl 13 ■ Finally, we briefly initiate a nonperturbative analysis of gauge 
dynamics on the noncommutative torus by exploiting a Hamiltonian formulation of the 
matrix quantum mechanics, and indicate how the results compare with the known exact 
solution of noncommutative Yang-Mills theory in two dimensions [EI] • More complicated 
exactly solvable models are also readily analysed in principle, in particular by exploiting 




(4.27) 
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the fact that the "time" direction of the matrix quantum mechanics is compactified on a 
circle so that the regulated theory is really a finite temperature field theory. For example, 
if one considers a 2 + 1 dimensional field theory with space taken to be the noncommu- 
tative torus, then our regularization technique provides a dimensional reduction of the 
model to a 1 + 1 dimensional matrix field theory with spacetime a cylinder RxS 1 . 



5.1 Perturbative Dynamics 

In this subsection we will demonstrate that perturbation theory within the framework 
of the matrix quantum mechanics is easily tractable, in contrast to some other matrix 
regularizations of noncommutative field theory, and show how various novel perturbative 
aspects arise within the matrix approximation scheme. For definiteness, we will concen- 
trate on the real scalar 4 -theory which on the noncommutative torus is defined by the 
action 

9 , i 



S 



-<j> (n + /. 2 )0 + iA , 



(5.1) 



where is a Hermitian element of the algebra A$ and □ = (<9i) 2 + (<9 2 ) 2 i s the Laplacian, 
while fi and g are respectively dimensionless mass and coupling parameters. Following 
the general prescription of the previous section, we approximate this field theory by the 
Hermitian matrix quantum mechanics with Euclidean action 



Sn [</>„, <f>' n ] = fan I dr Tr 



\ 0» ((VO 2 + (V 2 ) 2 + ^ 2 )0 n (r) + | d> n (r) 



+ /3 2n _! / dr' Tr' 



\ W ) ((V:) 2 + (V 2 ) 2 + /i 2 K(r' ) + 9 - d>' n (r> f 



(5.2) 



Everything we say in this subsection will hold independently and symmetrically in both 
towers of the finite level algebra A n , and so for brevity we will only analyse the first tower 
explicitly. 

To deal with this quantum mechanics in perturbation theory, it is most convenient 
to use a power series expansion of the form (J4.5)) and expand the Hermitian scalar fields 
(f) n G u(q 2n ) <%> C 00 ^ 1 ) in the first tower as 



<-/2n 



i,j=0 keZ 



(5.3) 



For the quantum theory, we will use path integral quantization, defined by treating the 
complex expansion coefficients ^\ as the dynamical variables and integrating over the 
corresponding configuration space C n := u(q 2n ) <S> 5*(Z). Quantum correlation functions 
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are then defined as 



(n) (n) \ C n /k i\ 

where the integration measure is given by 

9271-1 

d^») := n n ( 5 - 5 ) 

i,j=o fcez 

with d^? fc ordinary Lebesgue measure on C. Note that the expression (|5.5jl is still formal 
because of the infinitely many Fourier modes on S . Nevertheless, as we show in the 
following, the finiteness of the range of the matrix indices in Z 92n is sufficient to regularize 
the original noncommutative field theory. 

We now substitute the expansion ()5.3|) into the action Q5.2J) . compute derivatives using 
the definitions ()4.8|) and the (</> n ) 4 interaction term using the commutation relations (|3.24j) . 
and then apply the orthogonality relations (j4.12|) . The quadratic form in the free part of 
the action ()5.2)1 is then diagonal, and from its inverse we arrive at the free propagator 



A&" := <$)^ = (2 , )2fe(j92n)2 ^TOT^WT? *■ '* *" ' (5 ' 6) 

Furthermore, the vertices for the </> 4 field theory in the matrix representation are given by 

4 <?2n-l 

c r w (n)] = TT co (n)t co (n)t LD {n) cD {n) v^ n)klMMM (^7) 

n ir Jint 11 / j / j r iiji;fci ri 2 j 2 ;k2 Ti 3 j 3 - t ks r i4j4;fc 4 v nji;i2j2;»3j3;«4J4 ' V. U-, V 

0=1 ia,ja=0 k a eZ 

where 

T/C") ^1,^2,^3,^4 5 1 /a \2 / , \i3j2 — »XJ4 A X J\ (K Q^ 

K «lii;*2i2;i3j3;«4j4 ~~ ^[ ^ 2n / il+i2,i3+«4 °J1+J2j3+J4 °k 1 +k 2 ,k3+k i ■ 

The vertex function (|5.8jl is invariant under cyclic permutations of its arguments (i a ,j a , k a ), 
a = 1,...,4. 

The propagator (|5.fi|) in this representation is rather simple in form, in contrast to the 
usual matrix regularizations of noncommutative field theory wherein the kinetic terms of 
the action generically have a very complicated form [3J ESI EE]- This is what makes the 
matrix quantum mechanics approach much more fruitful. The matrix quantum mechanics 
provides an exact, finite regulated theory which precisely mimicks the properties of the 
original continuum model. This is a physical manifestation of the fact that the finite level 
algebras A n converge to Aq. In particular, from ()5.6|) and ()5.8|) we see that the Feynman 
graphs have a natural ribbon structure with an additional label by the circular momentum 
modes of the fields, and the notion of planarity in the matrix model is the same as that 
in the noncommutative field theory. Again, all of these features are in contradistinction 
to the usual matrix model formulations. 
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As an explicit example of how perturbation theory works within this setting, let us 
compute the quadratic part of the effective quantum action in the matrix representation. 
The one-loop dynamics is obtained by contracting two legs in (15. 8 J) using the propagator 
(15. 6 j) . All eight possible contractions of two neighbouring legs are identical and sum up 
to give the total planar contribution 

<32n-l <?2n — 1 

8 E E E = f ^ #° M > ( 5 - 9 ) 

i'j'=0 s',t'=0 k',Z'eZ 

where 

g2n- l -, 

F W = E E iTTT^ • (5-10) 

v ; i'=0 rSZ ^ 

In ()5.10|) we have transformed the sums over j' e Z 92n and fc'eZ into a single sum over 
r := j' + (?2n fc' G Z. The infinite sum in (I5.10J) can be evaluated explicitly to give 

. 92n-l coth f 7T A A' 2 + /i 2 ) 

For any finite q2 n the function (|5.11|) is finite, for all /i 2 , and thus the matrix quantum 
mechanics naturally regulates the ultraviolet divergence of the one-loop scalar tadpole 
diagram. In the limit n — > oo, whereby g2n — > oo, the sum (I5.11|) diverges, and the 
leading divergent behaviour can be straightforwardly worked out to be given by 

hm JW (^ 2 ) ~ i- ln(g 2n ) , (5.12) 

reproducing the standard logarithmic ultraviolet divergence of scalar field theory in two 
dimensions. In particular, we see that the matrix rank q 2n plays the role of an ultraviolet 
regulator in the matrix quantum mechanics. This is the characteristic feature of a fuzzy 
approximation to a field theory. In (|5.11|) . the limit g 2n — * oo requires an infinite mass 
renormalization fi = q 2n ft, keeping fx fixed, in order to obtain a massive scalar field theory 
in the limit. 

There are also four possible contractions of opposite legs in (|5.8jh which all agree and 
sum to give the total non-planar contribution 

<?2n-l qin — 1 

4 E E E v®%» = f s„ 4, /« , (5.i3) 

i'J'=0 s',i'=0 fc'.Z'eZ 



where 



-, 92n 1 / \i'j—i r 

(V) = _JL_ V V ( nj (5 14) 

v 7 i'=0 reZ ^ 



and we have used the fact that (u n ) q2n = 1. The infinite sum in ()5.14j) can be evaluated 
explicitly in terms of the generalized hypergeometric function 



3-^2 



Ai A2 A3 
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with to, A a , r)b G C, a = 1, 2, 3, b — 1, 2, and (A) p := A(A + 1) • • - (A +p). One finds 

1 1 ' 



iS if) 



1 i /i — i yU 

(27r)2 ^ 1 _ 

1 1 - f 1 ?2n+i|i fa" 1/i 



(2tt) 2 (g 2n ) 2 + /i 2 3 2 \l + g 2ri +i/i l + ?2n -i/i 



1 \ ^ ^ n 

"" 2^2 ^ l + i' 



i'=0 



2 3" 1 2 



1 1+ i v/« /2 + /i 2 1 - i ^i' 2 + 
2+ i v/i ,2 + /i 2 2- i^' 2 + /i 2 



(5.16) 



One can show from (|5.15jl that the leading large n behaviour of ()5.16j) is given by 

1 f 2 (u n ) 2 i 1 



lim (V 2 ) 



(5.17) 



" (2n) 2 (q 2n ) 2 \l-(LU n y i-KV 

with u n — > e 2nl9 in the limit. This quantity thereby vanishes, except when either i — 0, 
j = or 9 = in which case it diverges. This is simply the UV/IR mixing property of 
the noncommutative field theory jSU] • Integrating out infinitely many degrees of freedom 
in the non-planar loop diagram generates an infrared singularity, making the amplitude 
singular at vanishing external momentum and giving it a pole in the noncommutativity 
parameter at 9 = 0. 

On the other hand, at any finite level n < oo, the non-planar matrix contribution is 
always finite. Generically, the generalized hypergeometric function 1)5.15)1 has a branch 
point at w — 1, and for Re(Ai + A 2 + A 3 — rji — r} 2 ) < the series is absolutely convergent 
everywhere on the unit disc \w\ < 1. Thus for finite matrix rank q 2n , the function (j5.16j) 
is an analytic function of the noncommutativity parameter, even for vanishing external 
momenta % or j, i.e. there is no UV/IR mixing in the matrix regulated theory, at least 
at one-loop order. Of course, there must be a transition regime in q 2n wherein a non- 
analyticity develops, as it appears in the limit (j5.17|) . But integrating out all degrees of 
freedom in the loop does not generate an infrared singularity in the regulated model. 

The absence of UV/IR mixing at finite level n, along with the simplicity of the prop- 
agator ()5.6)) . implies that the matrix quantum mechanics is a good arena to explore the 
renormalizability of noncommutative field theories, as the usual mixing of high and low 
momentum scales would typically appear to make standard Wilsonian renormalization 
to all orders of perturbation theory hopeless. In particular, it confirms the expectations 
that an appropriate non-perturbative regularization could wash away these effects. On 
the other hand, it also seems to suggest that exotic non-perturbative phenomena, such 
as the existence of vacuum phases with broken translational symmetry [HS], are unob- 
servable at finite level. Indeed, for n < oo and generic fi 2 < 0, there does not appear 
to be any qualitative difference in the infrared behaviour of the noncommutative propa- 
gator from the case fi 2 > 0. It is most likely that there is again some transition regime 
for n 3> 1 wherein the exotic broken symmetry phases dominate the vacuum structure 
of the theory, and it would be interesting to find an analytic approach to detect these 
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phases in the matrix quantum mechanics. Heuristically, their existence can be deduced 
by looking at the soliton expansions ()4.9|) of 4> n {z) in the finite level algebra A n directly in 
terms of the projections and partial isometries of the noncommutative torus. Recall that 
these solitons displayed themselves momentum non-conserving stripe patterns (see figs. El 
andEJ). A striped phase in the scalar field theory would then occur when, for n sufficiently 
large, the mode numbers of the vacuum expectation value (<p\™) k ) freeze about a particular 
value corresponding to a single projection or partial isometry P^, and thereby yielding 
the characteristic stripe patterns. From this argument it is tempting to speculate that 
they may be due to a Kosterlitz-Thouless type phase transition in the matrix quantum 
mechanics which occurs in the large n limit, whereby a condensation of vortices in the 
vacuum is responsible for the breaking of the translational symmetry. 

Let us further remark that UV/IR mixing is also absent in the matrix model regu- 
larizations of noncommutative field theory that are derived by soliton expansion on the 
noncommutative plane [13 HHj (to be discussed in section . but not in those which 
are derived through lattice regularization. In these latter cases, UV/IR mixing is already 
present non-perturbatively as a generic kinematical property of the lattice regularization 
of noncommutative field theory Indeed, in the reduced models, striped phases of the 
theory are observable for relatively small values of the matrix dimension The rela- 

tion between rational noncommutative theories and matrix-valued commutative theories 
on the torus is applied to UV/IR mixing in |H4j . 



5.2 Tachyon Dynamics 

We will now examine how the matrix quantum mechanics can be used to describe D-branes 
as the decay products in tachyon condensation on unstable D-branes in string field theory. 
We begin with the Type IIA case (equivalently bosonic strings) described in section 12.21 
We are interested in the noncommutative field theory of the open string tachyon and gauge 
field on a system of unstable D9-branes. This depends on the specification of a projective 
module over Ag (see section 16.1)1 in order to define the anti-Hermitian connection gauge 
field Ap, but for simplicity we consider here only the free module (Ag)® N provided by N 
copies of the noncommutative torus algebra itself, which corresponds to a topologically 
trivial connection on the worldvolume field theory of N noncommutative D9-branes. The 
components of the curvature of the gauge connection are denoted F^. The tachyon field 
is Hermitian and lives in the adjoint representation of the gauge group, and its covariant 
derivatives are denoted D^T. 

The action is given explicitly by [37J EE] 

"1 



f (T 2 - 1) D^T D U T — V (T 2 — l) 



M 



I h (T 2 - 1) F^F^ + 



(5.18) 

where here and in the following repeated indices are always understood to be summed over, 
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and indices are raised by the inverse open string metric G^ u . The dots in (J5.18)) denote 
possible higher-derivative contributions to the effective action, but will not be required 
in the ensuing low-energy analysis. The functions / and h, and the tachyon potential V, 
are not known explicitly, but they are constrained to satisfy certain conditions in accord 
with the conjectures surrounding open string tachyon condensation [22! • m particular, 
the tachyon potential has a local maximum at T = representing the unstable D9-branes, 
with fig = V(— 1) giving their tension. It also has local minima V(0) = at T — ± 1 
corresponding to the closed string vacuum. The functions / and h vanish in the closed 
string vacuum, /(0) = h(0) = 0, while /(— 1) = h(—l) = 1. 

We will consider a simplified version of this model to make the results as transparent 
as possible. We study a 2 + 1-dimensional noncommutative field theory, i.e. take Ai = M. 1 , 
and consider the action near T = 0. The corresponding energy functional 



E [A, T] 



^ D^T DyT + V (r 2 — l) + ^ F 2 



(5.19) 



is then that of a D2-brane wrapped around T 2 in the presence of a constant S-field, with 
D^T = d^T- [A^T], fi = 1,2 and 



F = d 1 A 2 -d 2 A 1 + [A 1 ,A 2 \ . 



(5.20) 



The simplest classical extrema of (|5.19[) are given by spatially uniform tachyon fields 
fi _1 (T) on T 2 (Q" 1 being the Wigner map (|2.6jl ) which are critical points of the potential 
V(T 2 — 1), and vanishing gauge fields F — A^ — 0, \\i — 1, 2. We will now proceed to 
analyse these vacua within the matrix approximation. In the Hermitian matrix quantum 
mechanics, we replace the energy functional ()5.19|) by the Euclidean action 



1 

p2n J dr Tr 





V M T n (r) V M T n (r) + V{T n (r) 2 - l q2n ) 



+ fon-i J dr' Tr' 



i V,V n {r' ) V,T n (r> ) + V(T n (T> ) 2 - l q2n _A 



(5.21) 



Focusing for the time being on the first tower, we shall seek time-independent extrema 
of the energy functional (|5.21|) . T n = 0. From ()4.24|) and ()4.26|) it then follows that the 
?2n(<?2n + l)/2 equations for the critical points are given by 

-(2tt) 2 (i - j) 2 (Tn),, - (ET n E) y = (j n V'((J n ) 2 - Kn)).. > 1 < * < 3 < Q2n ■ (5.22) 

We have used the fact both Vi and V 2 satisfy an "integration by parts" rule 

Tr (at (V M bn)) = - Tr ((V /i a n ) t b n ) , fi = 1, 2 . (5.23) 

It is straightforward to see from these equations that the off-diagonal elements of the 
matrix T n vanish. This follows from the explicit form 1)4.23)1 of the shift operator S, 
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which for i < j would produce a r-dependence in the second term of (|5.22|) . while the 
other two terms are time-independent. Thus T n must be a diagonal matrix, which we 
write explicitly in terms of projections on A$ as 

T» = j>Pj. (5.24) 

The moduli ^ 6 R of this solution have constraints which may be found by substitut- 
ing (|5.24jl into (|5.22jl . using (|4.2Hjl along with the fact that "£ij lSS ^ only Hi = j, and 
by using Tr £ = n i (q 2n + 1)- We can thus write the equation for the ?7j's as 

ViV'ifa) 2 - 1) = vr 2 (q 2n + l) 2 j"^ (5.25) 

which must be satisfied for each i = 1, . . . , q 2n . 

This result is fairly generic. It states that time-independent field configurations on the 
noncommutative torus correspond to diagonal matrices in the matrix quantum mechanics. 
In particular, all classical ground states commute with each other. This is reminescent of 
what happens in the BFSS matrix model of M-theory jH], whereby the vacuum corresponds 
to static, commuting spacetime matrix coordinates for DO-branes. Moreover, this solution 
shows that the time-independent configurations of the matrix quantum mechanics are 
naturally projection- type solitons on the noncommutative torus. We will see in the next 
section how projections on Aq also arise by a somewhat different dynamical mechanism. 

A class of solutions to the equations ()5.25|) can be constructed by demanding that T n 
be a critical point of the tachyon potential V(T 2 — 1), i.e. T n V'((T n ) 2 — l 32n ) = 0. For 
this, we assume that n is sufficiently large, that the matrix dimension q 2n is even, and 
that V(A) is a polynomial potential. Let {Aj}/>i be a set of distinct, real critical points 
of V(A) which are each bounded from below as A/ > —1. We then arrange the collection 
of real numbers {t^ }^ pairwise according to the rule 

Vl = y/l + Xj , T }wn . J+1 = -y/l + X J , 7 = 1,2,... (5.26) 
with the remaining rj^s set equal to ± 1 in pairs. The solution (|5.24j) then obeys 

(T n ) 2 - l q2n = J2^i K + P^- I+1 >^~ I+1 ) (5.27) 

and thereby satisfies the required extremization condition. In this case, both sides of 
fl5~231) vanish. 

The energy of these classical solutions in the matrix quantum mechanics may now 
be found by substituting ()5.27j) into (j5.21|) . An identical analysis proceeds in the second 
tower, producing a solution parametrized by another set {Aj,}//>i of critical points. After 
recalling the definition of the sequence /3& from appendix El one finds 

£" A {A/, X' P } = 2 (p 2n _! - g 2n _! 9) V(Xi) - 2 (p 2n - q 2n 6) ^ V(X' r ) . (5.28) 

i i' 
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The lightest excitation corresponds to the configuration whereby all A/'s and A' 7 ,'s vanish 
except Ai = —1. Then this formula gives the standard contribution to the mass-shell rela- 
tion from the tension /i 2 = V(— 1) of the D2-branes, as can be found from the appropriate 
Born-Infeld action for the D-brane dynamics. What is remarkable about this term is that 
it has the correct ^-dependence already at a finite level in the matrix model. Since the in- 
duced mass of a DO-brane bound to the D2-branes due to the background -B-field is given 
by A*o — 9 1^2, the term (p2 n -i — ?2n-i &) V(~ 1) arising in this way from ()5.28|) represents 
the energy of pin-i D2-branes carrying — q^n-i units of DO-brane monopole charge. Thus 
at any finite level n, it gives the appropriate mass-shell relation on the noncommutative 
torus with energy bounded between and /i 2 - 

Let us now turn to the Type IIB case. Following the prescription of section 2.2, the 
appropriate version of the string field theory action (j5.18|) can be written down (HH] • By 
using the same steps as above, the analog of the regulated energy functional (j5.21J) in the 
first tower reads 



i 

£™[Tn] = fan J dr Tr 



(V,T n (r)) t (V M T n (r)) 



+ CT(T n (T)t T B (r) - l r2n ) + U{T n (r) T n (r)t - l q J 



, (5.29) 



where now the regulated tachyon field T n (r) is a q 2n x r in complex- valued matrix, with 
T n (ry its Hermitian conjugate. This functional describes an approximation to the non- 
commutative field theory of a D2 brane-antibrane system wrapping T 2 . We will take the 
arbitrary integers r 2n < q2n for definiteness, with r 2 „ —* oo in the limit n —>■ oo. Varying 
()5.29|) on time-independent configurations T n = yields the critical point equations 

-(2tt) 2 (i - j f (T n )ij + {T?T n )ii = (T B U'{V n J n - 1„ J + U'(T n V n - l q J T„) . . (5.30) 

with 1 < i < q 2n and 1 < j < r 2n , plus the analogous equations for the conjugate matrix 
elements (Tjjy. 

As before, it is straightforward to show from ()5.30|) that all i ^ j matrix elements of 
T n vanish. We can thereby write down solutions as the q 2n X r 2 „ complex matrices 

T„=l S°" jP " | (5.31) 



(0) 



(<Z2«— r2n)xr2n 



of generic rank r 2n with 

T^Tn = 2j \<Ji\ 2 , ~T n ~[\ l = 2j |o-j| 2 P" © (0)g 2n xq 2 n 5 (5.32) 



''2r, 



i=l 



where the moduli a,i G C satisfy an equation completely analogous to ()5.25j) . Generi- 
cally, these solutions are evidently determined by finite-dimensional partial isometries on 
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C T2n —>■ C q2n . By taking |<7»| = r)i, with 77^ as in ()5.26|) . and substituting (|5.31I5.32|) into 
(|5.29jl . we find that the energy of this solution is given by 



E 



IIB 



[T„] = (3 2n ^4 U ( X i) + fen - r 2n ) U(-l) j . (5.33) 



When r 2n = (fen, the energy (|5.33|) is precisely twice that of the Type IIA case (j5.28|) . 
By adjusting parameters as before, this is the energy appropriate to q 2n ~i DO-branes and 
<?2n-i DO-antibranes inside the original D2-D2 system. For r 2n < q 2n , the second term of 
fl5.33|) dominates in the limit n — > 00. From appendix eqs. ()A.5j) and (|A.8J) . we have 
(3 2n — l/?2n-i i n the large n limit, so that by taking r 2n — q 2n in this limit, we may adjust 
the second term so that it yields the appropriate continuum mass-shell relation for the DO 
brane-antibrane system in the D2-D2 system. Furthermore, from ()5.32j) it follows that, 
for generic moduli <jj G C, the index of the regulated tachyon field configuration is given 
by 

index(T n ) = Tr (l r2n - T+ T n ) - Tr (t q2n - T n T+) = r 2n - q 2n , (5.34) 
and thus it carries the correct monopole charge of q 2n DO-branes and r 2n DO-antibranes. 

We conclude that the finite-level matrix quantum mechanics captures quantitative 
properties of D-brane projection solitons in open string field theory, through the standard 
mechanism of tachyon condensation on unstable D-branes. Heavier excitations corre- 
spond to more complicated configurations of DO-branes in the matrix model. It would be 
interesting to characterize also time-dependent solutions of the matrix quantum mechan- 
ics. In this context, the classical ground states may mimick those of the BMN matrix 
model for M-theory in a plane wave background [TJ], which admits a multitude of su- 
persymmetric time-dependent classical configurations. A particularly interesting class of 
finite-dimensional |-BPS configurations describes rotating non-spherical giant gravitons 
with the noncommutative geometry of a fuzzy torus j^Hl E3] • The solution depends on 
two moduli /1, ( G M and is given explicitly by 

t(J2n-l \ 
ga.P^ + a^Pr 1 ) , (5.35) 

where the parameters ai(fi, () 6 C are constrained by the pertinent BPS equations. Time- 
dependent solutions are thereby expected to dynamically generate off-diagonal elements 
of the soliton basis. 



5.3 Yang-Mills Matrix Quantum Mechanics 

Let p, q > be a pair of relatively prime integers, and E VA a Heisenberg module over a 
"dual" noncommutative torus A a to ^l^ 8 . Choose a connection on £ p q with corresponding 

8 These projective modules and dual algebras will be described explicitly in section IH7TI 
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anti-Hermitian gauge fields G A$, fi = 1, 2 and curvature given by ()5.20|) . Yang-Mills 
gauge theory on A a is then defined by the classical action 



S YM [A 1 ,A 2 \ = 




(5.36) 



with g the dimensionless Yang-Mills coupling constant. The corresponding matrix quan- 
tum mechanics is the one-dimensional field theory of four anti-Hermitian matrix fields 
with action 

i 

S n [X n ,Y n ,X' n ,Y' n } = |p J dr Tr (V 1 X n (r) - V 2 Y n (r) + [X„(r) , Y n (r)]) 2 

o 

i 

+ I dT ' Tr ' ( ViX - (r,) - V2Y - (r,) + ^ (r,) ' Y « (r,) ]) 2 • (5 - 37) 



In this subsection we will exploit the fact that the time direction of the matrix quantum 
mechanics (I5.37J) is Euclidean and compactified on the unit circle S 1 . This implies that 
the corresponding path integrals compute quantum averages of the system in a thermal 
ensemble. The vacuum energy, for example, is given by the usual statistical mechanical 
partition function 

Z n = Tr e (e-*») = Yl e ~ A " ' ( 5 - 38 ) 

A„Sspec(H n ) 

where the trace is over the Hilbert space Q of physical states of the matrix quantum 
mechanics and H n is the quantum Hamiltonian operator, represented on Q, corresponding 
to the action (j5.37j) . The partition function may thereby be readily obtained by computing 
the eigenvalues of H n in canonical quantization of the model ()5.37|) on 1R. Quantum 
gauge theory on the noncommutative torus is known to be an exactly solvable model 
which is given exactly by its semi-classical approximation [HI]. In the following we will 
study the manner in which its matrix approximation captures this feature. While we 
will not completely solve the problem at the level of the matrix quantum mechanics, 
our analysis will illustrate in a straightforward manner what properties to seek in the 
search for exactly solvable noncommutative field theories. Analogous computations for 
the lattice regularizations of noncommutative gauge theory in two dimensions can be 
found in PI EI]. 

As always, we focus on the first tower in ()5.37j) . and use (j4.2fij) to write the action 
explicitly as 

i 

S n [X n ,Y n ] = ^ j dr Tr (sX n (r) - g 2 „Y n (r) + [X n (r) — H, Y n (r)]) 2 . (5.39) 
o 

The canonical momentum conjugate to Y n is given by 

:= = ~ qj ^ (SX n - q 2n Y n + [X n - S, Y„]) , (5.40) 
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while the momentum of the X n field vanishes since (|5.39jl involves no time derivatives of 
X n . The matrix field X n is thus non-dynamical and serves simply as a Lagrange multiplier 
imposing the constraints )5 ^ s " = for 1 < i, j < q 2n . By using (|5.40J) these constraint 
equations may be written in the simple matrix form 

G n :=Sn n + [Y n ,n n ] = 0. (5.41) 

The Hamiltonian corresponding to the action ()5.39j) is given using (|5.4()jl as 

H » = Tr ( or ^2 a ( n ™) 2 + — ( SX ™ + t X - - S ' Y ™0 n «) ' ( 5 - 42 ) 

\2(q 2 nY P2n <?2n J 

which after imposing the constraints (|5.41|) and using cyclicity of the trace can be written 

as 

Hn = Tr ( f (H n ) 2 - J- [E, Y n ] n n ) . (5.43) 

Note that the constraints (j5.41|) are explicitly time-dependent, while the Hamiltonian 
(|5.43J) on the constraint surface is independent of r. 



In canonical quantization, we promote the matrix fields Y n , II n to operators obeying 
the commutation relations 

[(n n )y , (Y n ) w ] = - i <J« • (5.44) 

We will represent ()5.44j) in the Schrodinger polarization wherein the physical states are 
the wavefunctions ^(Y n ) G L 2 (iu(g 2 «)) = L 2 (R( 92n ) 2 ) := and the canonical momenta 
are represented as the derivative operators 

acting on By choosing a normal ordering prescription, the quantum Hamiltonian 
operator on Q is then given from (|5.43|) as 

92n ( g 2 d 2 2-k d \ 

Hn = 5. \2(q 2n ) 2 (3 2n WnUi Wnhi + ^n {l ~ j) {Ynh W^i) ' (5 ' 46) 

The constraints (j5.41|) should now be implemented on the Hilbert space Q, which 
truncates it to the subspace of physical wavefunctions \& obeying 

G n V = . (5.47) 

From ()5.45|) and the explicit form ()4.23|) of the shift operator, we thereby arrive at the 
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set of (q2n) 2 differential equations 



5^ Sis d(Y ) j.- . + e2W1T E Eis Q ( y , 



+ E (( Y «)- d( y n)s . {Yn)s > d(Y n ) is ) 



*(Y n ) = for z < j , 



■=1 "UnJ «,«+*-,* s=q2n+j _ i+1 U \1n)s,s+i-3-q 2n 

+ § ( (Ynk ~ (Yn)sj W 



*(Y ft ) = for i > j . 

(5.48) 



These constraints have to be imposed at all times r. With the understanding that the 
i = j part is set trivially to 0, the r-dependent parts of (|5.48jl combine into the constraints 



72 n 



which hold for all i,j = l,...,q2 n - One can show from (j4.21|) that the shift matrix 
(S gs /)x< S)S /< g2n is invertible. It follows then from (|5.49|) that the physical wavefunctions 
\l/(Y n ) are independent of the off-diagonal elements (Y n )ij for i < j- By anti-Hermiticity, 
they are also independent of (Y n )y = — (Y n )ji for i > j. By setting i — j in (|5.48|) the 
same argument shows that ^(Y n ) are independent of all diagonal matrix elements of Y n , 
and thus must vanish in L 2 ( iu(g 2n )). 

It follows that there are no physical propagating modes left in the quantum theory, 
and the quantum Hamiltonian (|5.46|) vanishes on the physical state space, H n = 0. This 
feature is the earmark of a topological quantum field theory in which only global, topo- 
logical degrees of freedom play a role. It is exactly what is anticipated in two-dimensional 
noncommutative Yang-Mills theory jBT] , whereby the gauge invariance of the theory under 
area-preserving diffeomorphisms of T 2 kills all local degrees of freedom in the model. We 
may take the present analysis in the matrix model to be a direct proof of the topological 
nature of noncommutative gauge theory in two dimensions. 

While this feature would appear to make the statistical sum ()5.38j) trivial, this is not 
the CcLS6, clS there is a large moduli space of field configurations obeying the constraints 
(j5.41j) . The continuum version of the quantum theory is given exactly by the semi-classical 
expansion, and we would expect the matrix regularization to capture this property in some 
way. For this, we write the thermal partition function (|5.38j) explicitly as the formal path 
integral 

Z n = [ DX n DY n e - 5 "[ x - Y "] , (5.50) 



(Cn) 



2 
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where the configuration space is C n := iu(q 2n ) <S) C°°(§ 1 ) and the integration measure is 
the formal Feynman measure 



<J2n 



DX„ := J] II dX n(rh 3 ■ (5.51) 

M=l r£ [0,1) 

After a simple shift of the X n field in f!5.39|) . one is left with a functional Gaussian inte- 
gration in ()5.50|) which may be formally carried out to yield 

Z„ = [ DY ' 



det'(|f(S-ad Y J 
J DY n J DX n exp j dr Tr (g 2n Y n (r) - [S, Y n (i 



ker(S— ad Y ) 



(5.52) 



The prime on the determinant in 1)5.52)1 indicates that zero modes are excluded in its 
evaluation, while the second contributions come from the flat directions X n (r) of the 
operators 5] — ad Yn for each field configuration Y n (r). We will always ignore irrelevant 
(infinite) constants arising from the functional integrations. 

The large n limit of (|5.52|) yields the fluctuation determinant that is intractable directly 
in the continuum theory [HT], and our matrix model provides a systematic means of 
evaluating such complicated objects. Moreover, the second term can be expected to lead 
in the limit to the exact sum over instantons of two-dimensional noncommutative Yang- 
Mills theory [HI]. Let us indicate how this may arise. For this, we need to study the 
structure of the space ker(S — ad Yn ), or equivalently the moduli space of solutions to the 
equations 

SX n = [Y n ,X n ] . (5.53) 

To get a feeling for the type of solution spaces that occur, we first seek time-independent 
solutions of ()5.53j) . Repeating the argument of the previous subsection, this implies that 
the configurations X n are diagonal, 

<32n 

X B = j]ix i P; ) (5.54) 



i=l 



with moduli X{ G M. Then ()5.53j) becomes 



</_>,! 



rc {(tin + 1) Sij S ^Xk= i(xi- Xj) iy n )ij ■ (5.55) 



fe=i 



Setting i = j in (|5.55J) yields the constraint 



1-12 n 



^x i = 0. (5.56) 



i=l 
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For each i ^ j, the equations ()5.55|) imply that either x, = Xj or (Y n )y = 0. It is 
straightforward to characterize the number of independent moduli in terms of the integer 
r with < r < (g 2n — l)/2 which specifies how many non- vanishing components (Y n )ij, 
i 7^ j there are in the given solution. If there are r < g 2n — 1 such matrix elements, then 
the corresponding pairs Xj = Xj are equal and each eliminate one degree of freedom. From 
the constraint ()5.56|) it is straightforward to see that there are in all g 2n — r — 1 real moduli 
Xj. If r > q 2n — 1, then the constraint ()5.56|) eliminates all the Xj's. In both cases there 
are q2 n real diagonal elements and r complex off-diagonal elements of the Y n matrices. It 
follows that the kernel of the operator S — ad Yn admits an orthogonal decomposition into 
subspaces corresponding to constant (X n , Y„) configurations as 

<32n(<72n-l)/2 

ker (S - ad Y J = K r , (5.57) 

r=0 

where 

r ~ I © C g 2 „ - 1 < r < g 2n (g 2 „, - l)/2 ' 1 ' j 

In the time-dependent case, we can exploit the invariance of the path integration in 
()5.52)1 under arbitrary unitary transformations of the matrices X n (r) to diagonalize them. 
Then our analysis of the contributions to the second integral in (J5.52j) carries through 
in exactly the same manner as described above. For each of them, the path integral 
over the matrix trajectories Y n (r) is Gaussian and yields the determinant of the operator 
fp 1 (<?2n 57 + ad H ) 2 on the unit circle and restricted to the subspaces of iw(g 2 „) in which 
Y n has r non-zero off-diagonal matrix elements. We may evaluate ()5.52j) in this way to 
the formal expression 

Z„ = I DY ' 



det' (§|(E-ad Yfi 



2 



l?2n(l?2n-l)/2 q 2 „ (?2n T ( <\ 1 I a ( \1 

+ e v r y. e n n g ) . ^ 

r=0 h,...,i r =l j 1 ,...,j r =l k ,1=1 m£N \ W? — 1 ^— - 



'12,. 



where V r is the suitably regulated volume factor V r = vol(M' 32n ~ r ~ 1 ) for < r < g 2n — 1, 
while V r = 1 otherwise. It would be interesting to examine now how the appropriately 
regulated form of the expression ()5.59j) reproduces the partition sum of the corresponding 
continuum theory in the limit n — > oo. Although we have not completely solved the 
problem here, the expression ()5.59|) once again illustrates the exact solvability of the 
gauge theory. 
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6 Moduli Spaces and Soliton Regularization on the 
Noncommutative Plane 



In this final section we shall describe the relationship between our soliton approximation 
of field theory on the noncommutative torus and the standard solitons on the noncom- 
mutative plane. We shall deal only with the GMS solitons which are obtained in the 
limit of large Moyal noncommutativity j2H] • We will see that the matrix regularization of 
noncommutative field theory in this context provides illuminating results concerning the 
moduli spaces of these solitons. To help motivate the analysis, we will begin by showing 
how a special class of projections on the noncommutative torus naturally arise as the 
classical solutions of a model for the dynamics of solitons on the noncommutative torus. 
We will then use these projections to obtain the matrix analogs of GMS solitons, which 
among other things provides the starting point for the construction of one-dimensional 
matrix model regularizations of field theories on the noncommutative plane. 

6.1 Soliton Dynamics on the Noncommutative Torus 

We will begin by describing how to model the dynamics of projection solitons on the 
noncommutative torus in an adiabatic approximation. Usually, one would proceed by in- 
troducing a Kahler metric on the moduli space of fixed rank projection operators, which 
is typically an infinite-dimensional Grassmannian manifold. The Kahler form may be 
obtained as the curvature of a determinant line bundle over the Grassmannian, and with 
it one may construct a non-linear cr-model describing the moduli space dynamics of soli- 
tons O I2H] • The motion of the solitons may thereby be studied by calculating geodesies 
on the moduli space in the obtained Kahler metric. A non-trivial, curved geometry then 
corresponds to velocity dependent forces between the solitons. Here we shall instead fol- 
low the approach of [2D] where non-linear a-models in the context of noncommutative 
geometry were proposed. This approach exploits the inherent non-linearity of the space 
of projections of Ag directly, without explicit reference to any Kahler geometry. 

We define a noncommutative field theory whose configuration space is the collection 
Ve of all projections in the algebra Ae- The u-model dynamics is governed by the action 
functional S : Ve — > K + defined by 



where d^, \x = 1, 2 are the two linear derivations defined in (|2.2()j) . This is just the standard 
action that one would write down which captures the dynamics of multiple solitons (within 
a certain energy range), except that we utilize a flat metric in its definition. The second 
equality follows from the constraint P 2 = P and the Leibniz rule. The positivity of the 



We will seek critical points of the action functional (jdlj) in a given connected compo- 
nent of Ve, corresponding to an equivalence class of projections of fixed rank and fixed 





trace J guarantees that (jfi.l)) is always a positive real number. 
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topological charge. For this, we need to carefully take into account the non-linear struc- 
ture of the space Vg. An element 6P G T P (Vg) in the tangent space to Vg at a given point 
P is not arbitrary but must fulfill two requirements. First of all, it must be Hermitian, 
(<JP)t = SP. Secondly, it must obey (P + SP) 2 = P + 5P + 0{{5P) 2 ), which implies that 
(1 — P) 5P = 5P P. It follows that the most general tangent vector in Tp(Vg) is of the 
form 

5P = (l-P)cP + Pc t (l-P) (6.2) 
with c arbitrary elements of the algebra Ag. 

The equations of motion now follow as usual from the variational principle 

= 5S(P) = ~fn(P)5P, (6.3) 

where □ = <9 M <9 M is the Laplacian. We have used the Leibniz rule, along with invariance 
and cyclicity of the trace. By substituting in ()6.2|) and using the fact that c G Ag is 
arbitrary, we arrive at the field equations 

PD(P) (1 - P) = , (1 - P)D(P) P = , (6.4) 

which together are equivalent to 

PD(P) - D(P) P = . (6.5) 

These are non-linear equations of second order which are rather difficult to solve explicitly. 
However, as we shall show presently, the absolute minima of the action functional (|6.1|) in 
a given connected component of Vg actually satisfy first order equations which are easier 
to solve. 



For this, we recall from section l2T3l that for any projection P G Vg, there is a topological 
charge (the first Chern number) defined by 1)2.32)1 with Ci(P) G Z. Then, just as in four 
dimensional Yang-Mills theory, this topological quantity yields a bound on the action 
functional. Due to positivity of the trace J and its cyclic property, we have 

j (3„(P) P ± ie^(P) P) ] (9 M (P) P ± ie^(P) P) > . (6.6) 

By expanding out the left-hand side of ()6.6)) and comparing it with 1)2.32)1 and (j6.1j) . we 
then arrive at the inequality 

S(P) > ±2ci(P) . (6.7) 

The inequality (j6.7j) . which gives a lower bound on the action, is the analog of the one 
for ordinary two-dimensional cr-models JT0]- From (jfi.fi j) it is clear that equality in (jfi.7j) 
occurs exactly when the projection P satisfies the self-duality or anti- self- duality equations 

(<9 M P± ie^d v P) P = . (6.8) 
The two equations (j6.8j) can be reduced to 

d(P) P = , <9(P) P = , (6.9) 
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respectively; here d = ^ (d\ — id 2 ) and d — | (di + i<9 2 ). Simple manipulations show 
directly that each of the equations ()6.9|) implies the field equations (j6.5J) . as they should. 
Solutions of ()6.9|) are called cr-model instantons. 

The non-linear equations ()6.9|) can be reduced to linear ones by introducing gauge 
degrees of freedom and by lifting them to a bundle (a module) [201 EU 122] • The particular 
module is dictated by the given homotopy class that we are working in, which is in turn 
determined by the rank J P = p + q8, p,q G Z and topological charge Ci(P) = q of the 
projection solutions to (|6.9j) . We will identify the algebra A$ as the endomorphism algebra 
of a suitable bundle and regard any projection P as an operator on this bundle. For this, 
we need to consider the representation theory of another copy A a of the noncommutative 
torus with unitary generators Y and Z obeying the relation 

ZY = e 2lTia YZ . (6.10) 

When a is an irrational number, every finitely generated projective module over the 
algebra A a which is not free is isomorphic to a Heisenberg module. As these modules 
will also be of central importance in the following, we shall review their basic properties 
here |18j . 

As already mentioned, any such module is characterized by two integers p, q sat- 
isfying p + qa > 0, which can be taken to be relatively prime with q > 0, or p = and 
q = 1. As a vector space, the module 

Sp tq = S(R) ® C q (6.11) 

is the space of Schwartz functions of one continuous variable s G K and one discrete 
variable k G Z g . By introducing the notation 

£ = p/q-a (6.12) 

the space (|6.11|) is made into a right module over A a by defining 

(eio*w : = e [fc - P ]>- £ )' 

{iZ) k {s) := e™<- k '0 (6-13) 

for £ G Sp^ q , with the relations ()6.1()j) being easily verified. On the module (16.11)1 one 
defines an ^-valued Hermitian structure 

( • > ■ )a ■ £p,q X £ P ,<1 ► Ax (6-14) 

by the formula 

(m,r)eZ 2 k=0 | 

for £, 7? G £ Pi g. Note the antilinearity of the first factor. 
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The endomorphism algebra End_4 a (£p )9 ), which acts from the left on £ Ptq , can be identi- 
fied with the original copy Ae of the noncommutative torus where the noncommutativity 
parameter 9 is "uniquely" determined by a in the following way. Since p and q are 
relatively prime, there exist integers a, b G Z such that bq — ap = 1. Then the noncom- 
mutativity parameter is given by the discrete Mobius transformation 

a a — b . 

9 = . 6.16 

q a — p 

Notice that given any other pair of integers a', b' G Z with b' q — a' p = 1, one has 9' — 9 G Z 
so that As* = Ae- It follows that the algebra End_4 Q (£ P)(J ) is generated by the two unitary 
operators U and V which act from the left on £ PA by 

(UO k (s) := -1/?) , 

(VO k (s) := e^ £ +^4( S ) , (6.17) 

and one easily verifies the defining relations (|2.3J) of the algebra Aq. 
On there is also an ^-valued inner product 

( • , • ) e ■ £ P ,q x £ pa — ► A (6.18) 

which is given explicitly by 

^)e--=T^ E E /d^ t (^ [Ms ( s - m /?)«"- (S " m/ ' +a4£) ^^ (6-19) 

for £,,1] £ S PtQ . Notice that now the antilinearity is in the second factor. The key feature 
of this Hermitian structure is that it is compatible with the A Q - valued one ()6.14|6.15|) . 

(C,v) C = C(v,C) a (6-20) 

for all £, r], ( G £ Pt q. This means that the Ae-A a bimodule £ Ptq provides a Morita equiva- 
lence between the two algebras Ae and A a - Physically the compatibility condition ()6.2()j) 
corresponds to T-duality between the vertex operator algebras of (p' — 2)-(p' — 2) and 
p'-p' strings acting on the Hilbert space of p'-{p' — 2) open string states in the low-energy 
limit These open string modes stretch between a single D(p' — 2)-brane and a 

collection of p coincident Dp'-branes carrying q units of vortex D(p' — 2)-brane charge. 

Using the previous construction one can now build projections on the algebra Ae by 
picking suitable elements £' G £ p>q with (£',£')<* = 1- The bimodule property ()6.2()|) then 
implies that P = i s a non-trivial projection in Ae- Furthermore, by using the 

identification Aq = End.4 a (£ Pj(? ) , any such a projection may be equivalently written in the 
more suggestive form 

e at, o*r 1/2 ,m, o«) _1/a ) e = io (o > ( 6 - 21 ) 



49 



where for each element |£) G £ VA the corresponding dual element (£| G (£ p , q )* is defined 
by means of the Hermitian structure as (£\(rf) = (£, r/) a G *4. a , and we have only assumed 
now that (£, £) Q is an invertible element of the algebra A a . 

In order to translate the self-duality equations ()6.9|) for P to equations for £, we need 
to introduce a gauge connection on the right *4.a,-module £ p>q . This is done by means of 
two covariant derivatives 9 Vi, V2 : £ P , q — > £ P , q which are given explicitly by 

(ViO* W := ^j- s Us) , (V 2 0*W := ^ • (6.22) 

Notice that the discrete index k is not touched. This connection has constant curvature 

tVi,V a ] = -^l, (6.23) 

and the two operators ()6.22)1 satisfy a Leibniz rule with respect to the right action, 

V„(f a) = (V M £)a + i(d„a) , fi=l,2, (6.24) 

for any £ G and a G A a . They are also compatible with the A a - valued Hermitian 
structure, 

d, (f , r/) Q = (V M £, r ? ) Q + (£, V M 77) Q , /i = 1, 2 , (6.25) 

for any £,77 G £ M . Furthermore, by using compatibility ()6.25|) and the right Leibniz rule 
(I6.24J) one can show that the induced derivations on the endomorphism algebra, 

5 U 5 2 : End Aa (£ Piq ) — End^fo,,) , S^T) := [V M ,T] , (6.26) 

are proportional to the generators of the infinitesimal action of the commutative torus T 2 
on Ao = End Aa (£ Pig ), 

5„=— d„. (6.27) 
qe 

It is because of this property that we select the particular connection ()6.22j) . 

Then, by using these ingredients, it is straightforward to show that the projection P 
in (|6.21|) satisfies the self-duality equations ()6.9|) if and only if there exists an element 
p G A a such that 

V£ = ip , (6.28) 

with V = 5 (Vi + iV2). This equation follows from a simple computation with the 
element p = ((£, (£> When p is constant (i.e. it is proportional to the unit of 

A a , p = XI with A G C), the equation (j6.28j) reduces to the simple differential equation 

d ^ + ^ + 2iA^ = (6.29) 



ds \ e 
whose solutions are the Gaussian fields 

(j(s) = Ae- Is2/£ - Ms . (6.30) 

9 The covariant derivative V introduced here should not be confused with the approximate derivation 
V introduced in section FOl 
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The vector A = (Ai, . . . , A q ) 6 <C g can be taken to lie in the complex projective space 
CP 9-1 by removing an inessential normalization. It is possible to prove that, for all 
values of the deformation parameter 9, the norms (£a>£a) q G A a are invertible [T^ 175]. 
Accordingly, the Gaussian functions ()6.3()j) provide a complex one-parameter family of 
solutions Pa = |£x) ((£a, £a)c,) 1 (£a| of the self-duality equations (|6.9j) . The projection 
Pa G -Ag has rank J P A = p + q9 and topological charge Ci(Pa) = 

The physically relevant values of the complex parameter A can be restricted by gauge 
symmetry. Any two elements £ and £' of £ Pjg provide different projections (j6.21j) if and 
only if they belong to different orbits of the action of the group GL(A a ) of invertible 
elements of A a which acts on the right on £ P)? , 

10 — » IO = \09 , 9 e GL(Aa) • (6.31) 

Note that we do not require g to be unitary. The action (|6.31j) preserves the invertibility 
of an d leaves the corresponding projection (|6.21j) invariant. Furthermore, from the 

Leibniz rule for the gauge connection it follows that if £ is a solution of the self-duality 
equation ([6.28)1 . then the transformed vector £ 9 also solves an equation of the form ()6.28|) . 
V£ 9 = i 9 p 9 , withthe element p G A a modified to 

P p 9 = g- 1 pg + g- 1 dg. (6.32) 

Elements of the group GL(A a ) thereby play the role of complex gauge transformations. 

In the case of the Gaussian fields f!6.30|) . it is straightforward to show from (|6.32|) with 
p = A 1 and p 9 = \' 1 that £a and £y are gauge equivalent if and only if £y = £\ U m V r 
for some pair of integers (m, r) G Z 2 . The parameters of the Gaussian functions are then 
related by 

A' = A + vri (m + ir) . (6.33) 

It follows that the gauge inequivalent parameters A make up an ordinary torus T 2 . As 
we will see later on, the moduli A G T 2 correspond to the locations of the solitons on the 
underlying torus. The moduli space of Gaussian fields ()6.30|) is thus CP 9 " 1 x T 2 . For 
further aspects of these and other constructions, see |2TH l2*H l2~2~j. 

6.2 The Boca Projection 

Let us now describe explicitly a particular instance of the globally minimizing soliton 
projections of the previous subsection; it will play an important role in the following. 
The Boca projection on the noncommutative torus comes from choosing the simplest 
bimodule £o,i — <3(M), for which e = 1/9, a = p = 0, b = q = 1, and a = —1/9 in the 
above construction. With the Gaussian Schwartz function 

£( S ) = £ A=0 ( S ) = e-" 2 , (6.34) 

which is such that the element (£,£)-i/6» e <A~i/$ * s invertible OES], it follows that 

B« :=(e«e, 0-i/eY 1 ' 2 , Z((d,0-i /e r 1/2 ) d (6-35) 
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is a projection on Ag which is homotopic to the Powers- Rieffel projection ([2.28)1 . 

The general form of the Boca projection ()6.35|) may be deduced by using the .A_ in- 
action (|6.13|) on (|6.34|) and the inner product ()6.15|) to explicitly compute the element 
(£> O-i/e e A-i/g. The square root may be computed by using holomorphic functional 
calculus, and one thereby finds [55 j 



-1/2 e _7rs2/e 



fceN v 7 

k 



k/2 



(6.36) 



x e -Qk(m,r) TT e -(27rs/0)(mi+iri) 

(m,r)eZ fe xZ fe i=1 
(m,r)^(0,0) 

with the convention (—1)!! := 1 and the quadratic form on Z fc x Z fc defined by 

k / k \ 2 . / k 

Qk{m,r) = JqY^ [K) 2 + ( r i) 2 ] +^ S mi ) +^ + 2 ^m^- 

i=l \ i=l / \ i=l i<jf 

(6.37) 

The corresponding projection is given by ()6.35|) and ()6.19|) . and it will be used in the 
following to relate the soliton basis of Section El to matrix noncommutative solitons on M. 2 . 

At the special rational values 9 = 1/k, k G N (in which case the algebra A-i/g = 
C 00 ^ 2 ) is commutative), the Boca projection can be expressed in terms of theta-functions 
of the generators U and V of A$. For this, we introduce the elliptic Jacobi-Erderlyi theta- 
functions 

da b (v\\g) = ^ e -iv<T(m+a/N) 2 +2Tvi(rn+a/N)b Q 2tt i (JVm+q) v (6.38) 

for a G Z, b G R and iV G N, which are holomorphic in z> G C for moduli a G C with 
Re(cx) > 0. We use the convention that N — 1 when a = in (jfi.38)) . Then by taking 
k G N even for definiteness, and using the Weyl maps p and p' of ()2.27|) and ()2.40|) . the 
Boca projection (j6.35J) may be expressed succinctly as 

Bi/fc : 



fe-1 

E e ~* Um/k p(Vf4( x \T))p'(#l,f(y\T)) ■ I 6 - 39 ) 



fe-i 

x 

l,m=0 



The Wigner function on T 2 corresponding to the projection (|6.39j) . which is real and 
exhibits localized bump configurations, is displayed in |2H]- This form will be used later 
on to give a physical interpretation to the relationship between torus solitons and solitons 
on the noncommutative plane. 
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6.3 GMS Soliton Expansions 



Let us now consider the noncommutative plane M@, which is defined heuristically by 
the Heisenberg commutation relation [y,x] = 2i0. We will assume that > for 
definiteness. The algebra C°°(Rq) may be identified as the appropriate completion of 
the polynomial algebra F(M. 2 )/Iq, where F(IR 2 ) = C(l, x, y) is the free unital algebra 
on two generators x, y, and I® is the two-sided ideal of F(M 2 ) generated by the element 
yx — xy — 2iGl. As a Heisenberg algebra, it has a unique irreducible representation 
which is the usual Fock space 

T = £ 2 (N ) = span^ { \m) | m G N } (6.40) 

for the Schrodinger representation of quantum mechanics. In (I6.40|) . the vectors |m) 
are the elements of the usual orthonormal number basis of a one-dimensional harmonic 
oscillator, (m\n) = 5 mn , and the appropriate completion is indicated which will always be 
implicitly understood in what follows. In particular, a basis for the algebra of bounded 
linear operators on T is provided by the set { \n){m\ \ m, n G N }. 

The Weyl map Q and star-product on the noncommutative plane are defined analo- 
gously to (|2.5J) . ()2.6|) and ()2.9|) by using Fourier transformation of fields on M 2 [H] . In 
particular, the Wigner functions on R 2 corresponding to the rank one Fock space operators 
|n)(m| are the Landau wavefunctions 

V47T 

where w,w are complex coordinates on the plane. They are the orthonormal eigenf unc- 
tions in L 2 (M 2 ) of the Landau Hamiltonian for a charged particle moving on M. 2 under 
the influence of a constant, perpendicularly applied magnetic field B = _1 . The ground 
state wavefunction is the Gaussian field 

^K») = 7^e>l 2 / 2e , (6.42) 
Vvr 

while the higher Landau levels can be obtained from ()6.42|) by application of the differ- 
ential creation operators 

at := - f-VQ + 6 t := I f_Ve A + (6.43) 

2 V dw JeJ 2 V dw Jq) k j 



as 



(at)" (W) m 



e i(n-m)arg(ic) Q -\w\ 2 /2e 



( _ 1)m in(n,m) /gg /| w |2\|n-H/2 ^ . (n _ 

max(n, m)! V vr© \ / 
x^-)(H 2 /e), (6-44) 
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where 



1=0 

are the associated Laguerre polynomials. 

From the Wigner representation (j6.41j) it follows immediately that these functions 
obey the star-product projection relation 

VVm * VV,m/ = / . = 3mn' V'n.m' J (6.46) 

and thereby determine solitonic configurations of noncommutative field theory on M 2 [29 . 
The basic Gaussian soliton ()6.42|) can be centered about any point on the plane by using 
the exact translational symmetry of noncommutative field theory, and hence the one- 
soliton moduli space as a complex manifold is isomorphic to C. The Wigner function of 
the rank k projection 

fc-i 

P(*) = EHH ( 6 - 47 ) 

m=0 

describes k solitons, and the corresponding moduli space is the k th symmetric product 
C k /Sk of the single soliton moduli space, endowed with a smooth Kahler metric [2H]- The 
basic Murray-von Neumann partial isometry is provided by the shift operator 



Soo = Yl l m + !>H (6-48) 



meNo 

with (Sl ) k (S O0 ) h = 1 and (5 oc ) fc (S} >0 ) k = 1 — P( fc ). Again the moduli space of partial 
isometries (iSoo) fc , and hence the moduli space of k D-branes on M 2 , is manifestly C h /Sk- 

The key feature of the Landau wavefunctions within the present context is that they 
are complete in L 2 (IR 2 ), so that any field / G C°°(1R 2 ) may be expanded as 

f( W ,W)= fn,m ^n,m(w,w) , (6.49) 

(n,m)eNg 

where the expansion coefficients {f n ,m} £ S{I?) are chosen to yield finite Landau semi- 
norms 

\ 1/2 

L,fc-| © 2fc (2n + l) fc (2m + l) fc |/ n , m | 2 <oo VA;GN . (6.50) 

(n,m)eN§ J 

This suggests a natural regularization of noncommutative fields on M 2 whereby the Landau 
quantum numbers are truncated to a finite range 0<n, m < N — 1, and the expansion 
coefficients of ()6.49|) are assembled into aniVxiV matrix G M^r(C) 48J. Similar 

truncations have also been used as approximations of a disc [HI] , a strip [7j and a punctured 
plane IHEj- Because of ()6.46j) . the star-product /*/' of two fields corresponds to the usual 
matrix product of (f nm ) and {f' nm ) in Mjv(C), and the noncommutativity of the plane Rq 
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is thereby mapped into the noncommutativity of matrix multiplication. In addition, by 
orthonormality, spacetime integrals over R 2 of fields / are given by traces of their matrices 
ifn,m)- Thus the expansion of functions in the GMS soliton basis provides a very natural 
way to map noncommutative field theory on IR 2 onto a zero-dimensional matrix model |48. 3 . 
The regularization provided by the finite matrix dimension iV controls both ultraviolet 
and infrared divergences at the same time [UJ and avoids the renormalization problems 
set in by UV/IR mixing. The limit N — > oo required to map back onto the original 
continuum field theory corresponds to the usual 't Hooft planar limit |53| H£] . However, 
as mentioned earlier, this is a subtle point, as the algebra of the noncommutative plane is 
not the inductive limit of finite-dimensional algebras, and so one has to define this limit 
carefully as in [l^j. Moreover, in general this limit will not commute with the scaling 
limits used in ordinary field theoretic renormalization in the following we will relate 
the GMS soliton basis to that of the previous sections and show how to regulate field 
theories on noncommutative R 2 by means of one-dimensional matrix models. 

6.4 From Torus Solitons to GMS Solitons 

To relate the GMS soliton regularization above to that of the previous sections, we shall 
first describe how to pass from solitons on the noncommutative torus to the noncommu- 
tative solitons (|6.44j) on R 2 |32]. For this, we consider the Boca projection ()6.35|) in the 
limit 9 —>■ 0. In that limit, the Schwartz function ()6.36|) reduces to 

mmU/o)^^ Q) V4 2 /* + 0(e- 2 ^) . (6.51) 

By substituting (j6.51|) into ()6.35|) and performing the resulting Gaussian integrals over s 
in 1)6.19)1 we arrive at the Boca projection in this limit as 

lb e := lim B e = 9 V e (m 2 -2imr+r 2 ) Jjm yr _ /g 53) 

(m,r)eZ 2 

By using the map (J2.6)) it follows that the Wigner function corresponding to the element 
()6.52)1 of As decouples the sums over m and r. It thereby reduces to a product of elliptic 
functions of the form 

n-\il>e)&v) = 6 \o ip I ¥ ) <Vo (V I ¥ ) ■ (6-53) 

The function ()6.53j) is plotted in Fig. HI In contrast to the projections used earlier, this 
soliton configuration resembles the Gaussian GMS soliton ()6.42j) . In particular, for any 9 
its height is always 2, and as 9 decreases its width becomes smaller and a spike develops. 
In the limit 9 = 0, the function ()6.53|) vanishes everywhere except at the origin of M 2 
where it is finite. However, this limit is not smooth, and for 9 = the soliton does not 
exist, as there are no non-trivial projections in a commutative algebra. 

By using the Jacobi inversion formula (equivalently Poisson resummation) 

tfo,o(H^) = 4= e-™ 2 / CT tf 0j0 (^) , (6.54) 
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Figure 4: The soliton field configuration corresponding to the Boca projection in the small 
9 limit. Axes are as in Fig. Displayed are its shapes when the noncommutativity 
parameter is taken to be the inverse of the golden mean (left) and for 9 = ^ (right). 



the 9 — > limit will pick out the m = mode of the corresponding theta-functions in 
fTSUl). This yields 

ST\il> ){x,y) = 2 e -^(* 2 +y 2 )/o . (6.55) 

We now map the local coordinates (x, y) of the torus T 2 onto those (w,w) of its universal 
covering space R 2 by rescaling the cycles of T 2 to give them a radius R and then taking 
the decompactification limit R — > oo. This relates the two sets of coordinates as 



[w, w 



(x+ iy,x- iy) = ' (6.56) 
which implies that the noncommutativity parameters are related through 

9 = -5L , (6.57) 

7T R z 

consistently with the small 9 limit used above. 

It follows that in the large area limit of the toroidal theory, with the noncommutativity 
parameter G of M? held fixed, the Wigner function ()6.55j) coincides with the basic Gaussian 
GMS soliton (JE32J), 

n-\ip 9 )(w, w) = V47T6 ip 0fi (w,w) . (6.58) 
Equivalently, by using (j6.41j) one may identify the operators 

^ = |0)(0| (6.59) 

in the decompactification limit of the torus. The higher Landau levels ip n m (or equiva- 
lently |n)(m|) can be similarly obtained by using higher rank projections on the noncom- 
mutative torus, but we will content ourselves here with the fact that they can obtained 
from ()6.58j) through the identity ()6.44j) . 
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A nice physical interpretation of this relationship between the toroidal and planar 
noncommutative solitons may be given in the case of rational 6 = 1/k, with fcGN even, 
as used in arriving at ()6.39|) . For this, we note that the Landau wavefunction ()6.42|) can 
be multiplied by an arbitrary anti-holomorphic function 4>(w) on C, which we may choose 
so as to give the state a momentum p/2 along the x direction of R 2 and hence write 

^fip)-^!)^,!)— e -( 2p *-4i P «3)/ 2 e e -H 2 /2e_ (6 60) 

V vr H 

We will assume that the area of the torus T 2 is quantized such that the quantity is an 
integer; for defmiteness we choose R 2 = 8. 



We can map the wavefunction ()6.6()j) to one on the torus by regarding a soliton on 
the torus as an infinite lattice of solitons on the plane. Taking the quotient of M 2 by the 
momentum lattice Z 2 leads, using (j6.57|) . to a quantization condition p = Airm/k, m G Z 
on the momentum in the x direction. On the other hand, p is also the y coordinate of the 
location of the soliton ()6.60|) on M 2 , and so for each quantum number m it can assume 
| different values p = ^F- + 2nm, r = 1, . . . , |. By summing over all m E Z to take 
the quotient, we arrive from ()6.6()j) at | basic Landau wavefunctions on the torus. Using 
(I6.56J) they may be written as 



^ ,o( x ' v> r ) = ^A,o( w > w > 27Tm + 47Tr / k ) 

= -^L= e 27Tk{x - iy)2 e -^ k (* 2 +y 2 ) tf^ (y/2k(x- iy) f)(6.61) 
V87T 2 6 h > \ / 

with r = 1, . . . , |. One now takes an appropriate sum of the | functions (j6.61|) in order to 
obtain a star-product projection on T 2 . By decoupling the theta-function in (jEjUJ), it is 
possible to thereby show that the Weyl image of the resulting wavefunction coincides with 
the Boca projection in f)6.39j) . A similar derivation of this noncommutative soliton on T 2 
is employed in [2H] , based on the construction of the noncommutative torus algebra Ag as 
the commutant of Z 2 in the crossed product of the algebra C 00 ^!) with the momentum 
lattice Z 2 . 



6.5 Matrix GMS Projections 

We will now apply the approximation of A$ described in section 13.21 to obtain a matrix 
regularization of the basic GMS soliton projections. We start from the 9 — > limit of the 
Boca projection in ()6.52j) . and apply the map ()3.28|1 to get 

r n (il> e ) = 9 e-^^ m2 - 2imr+r ^ (U n ) m (V n r • (6.62) 

(m,r)eZ 2 

We will evaluate 1)6.62)1 by regarding it as a matrix-valued function on a pair of circles. 
Let us first examine the matrix elements corresponding to the first tower. By using ()4.5j) . 
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()4.6|) and (|4.10j) . we may write the (ij) th matrix element of (jfi.fi2j) with 1 < i, j < q 2n as 

92 n 

(r n .(^)),, = 9 J2 E( W ») S( ' _1) exp[-f (( S + /g 2n ) 2 
(k,i)ez 2 8=1 

- 2i (s + 1 q 2n )(j - i + K k q 2n ) + (j - % + K k q 2n f )] , (6.63) 

where the integer n k depends on the circular Fourier momentum fceZ and the triangular 
block of the matrix as 

k i < j 



(6.64) 

k + 1 i > j K J 

We can transform the sums over s G 7j q2n and / G Z in (J6.6H)) into a sum over a single 
integer m = s + I q 2n G Z, and the sum over k G Z to one over r = K k G Z. Unlike the 
continuum case, in the matrix regularization one cannot decouple the sums over m and r, 
and instead of factorizing into the product of two genus one theta-f unctions as in (|6.53p . 
the matrix elements ()6.63)1 can generically only be written in terms of genus two Jacobi 
theta-functions 

0(i/|io-)= e- nm (Tm+2 * im u , (6.65) 

where m ■ v : m\V\ + m 2 v 2 . The functions (jfi.fi 5 j) are holomorphic in h> G C 2 for 
symmetric 2x2 period matrices cr of positive definite real part. 



With z 



, 2tt i r/r„ 



t G [0, r n ), after some algebra we may thereby write 



as 



l cr 



(n) 



(6.66) 



where 



n) 



,(«) 



i r 



1 - 1 ?2n 

i?2n (?2n) 2 



(6.67) 



The computation of the matrix elements corresponding to the second tower is completely 
analogous with the replacements (p 2n ,q 2n ) — > {j>2n-ii ( l2n-i)i t t' and r n r' n in the 
above. In this way we arrive at the matrix approximation to the Boca projection Bq in 
the limit 9 —>■ in the form 



Tn(^6 



9 



i cr 



(n) 



(0) 



(0) 



IJ2n-lX(J2n 



e 2 



i cr 



/(n) 



(6.68) 

and thus the matrix regularization on the torus naturally involves hyperelliptic functions. 

To transform to an appropriate small 9 limit, as before we apply the Jacobi inversion 
formula for the genus two theta functions (jfi.fi5jl . 



-it v ■ cr v 



■&(u\ia) 



V det i 



l cr v l cr 



(6.69) 
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which now holds up to an irrelevant phase factor. By substituting ()6.67|) into ()6.65|) it is 
straightforward to show that the 9 — > limit of the right-hand side of (j6.69|) also picks 
out the zero mode m = 0. Then, from ()6.66|) . ()6.67|) and ()6.69|) . after some algebra we 
have in the first tower 



(r»to)L = ^ e-^^%x P {-^ k 2n ) 2 (^-i) 2 + 2ip 2 „(.-i) 



(6.70) 



As before, we now substitute into (|6.70|) the rescaling ()6.57|) and the circular coordinates 

r t 



r„ 2tt R 



(6.71) 



with ieE, and take the large area limit R — > oo. Since 9 — > 0, it follows from ()6.57|) and 
appendix El eq. (jA.6|) that p 2n — ► as p 2n ~ <hn $ 

~ -^2 also in this limit. A completely 
analogous analysis carries through for the second tower, and in this way we arrive finally 
at the matrix version of the basic GMS soliton ()6.59j) (or (|6.58j) ) in the form 



J_ e -i 2 /(2-Z2n) 2 6 (1 \ I Q\ 

^ \ L )q2nXq2n \ V J C 



(0) 1 -i' 2 /(292n-l) 2 e /j\ 

l U Jq2n-lXq2n qZn-l ^ ' 92 "~ 1 X 92ri ~ 1 

'(6.72) 

The matrix regularization (j6.72j) determines solitons on noncommutative M 2 as ap- 
proximate projections in the algebra M g2n (C°°(lR)) © M q2n _ 1 (C°°(R)) of matrix-valued 
functions on two copies of the real line R. They are approximate in the sense that while 
the matrices ^ (l) q2n x Q2n and (l) (?2n _ 1 xg 2n _ 1 are projection operators in M q2n (C) and 
M 92n _ 1 (C), respectively, the Gaussian prefactors in 5(R) combine to projections only in 
the n — > oo limit. After an appropriate rescaling of the coordinates t, £' G M, the matrix 
soliton ()6.72|) evidently converges to the GMS one-soliton configuration ()6.42|) . and in 
particular, by using translational symmetry, its moduli space is naturally isomorphic to 
(1 x N) x (1 x N), where the extra factors of N come from the freedom in replacing the 
matrices (l) qxq by \ (k) qxq and rescaling q 2n -> kq 2n , ?2n-i — > kq 2n ^ for any 6 N in 
the limit n — > oo. Note, however, that since the two towers are independent, the soliton 
moduli space is determined by a pair of one-dimensional, localized matrix-valued func- 
tions on R and it is no longer a complex manifold at the finite level. Higher Landau levels 
can be approximated by constructing appropriate finite versions of the differential oper- 
ators ()6.4Hj) . similarly to section EJ and applying them to the basic soliton fields ()6.72j) . 
as in (j6.44j) . The corresponding fc-soliton moduli space will then be a symmetric orbifold 
of the single soliton one. We shall not pursue this construction any further here, but in 
any case this gives a precise way to regulate field theories on the noncommutative plane 
by means of matrix quantum mechanics. 
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A Continued Fraction Expansions 

A well known result of number theory states that any irrational number 9 can be 
uniquely represented as a simple continued fraction expansion 

e = iim e n , e n ■.= ^ (a.i) 



»— -x q 



n 



involving positive integers > 0, k > 1 and Cq G Z. The continued fraction is the 
definition of a sequence of rational numbers {9 n } (the approximants), which converge to 
9. The n th approximant 9 n of the expansion is given by 

n = c + — . (A.2) 

ci + 



1 

c 2 + 



1 

C n -l H 

Cn 



A short-hand notation for the expansion is 

9 = [c ,ci,c 2 , . . . ] . (A. 3) 



The relatively prime integers p n and q n in (jA.l|) may be computed recursively from (jA.2|) 
by using the formula? 

Pn = C n p n _i+p n -2 , PO = C , Pi = C Cx + 1 , 

Qn = c n q n _ x + q n - 2 , <?o = 1 , qi = ci (A.4) 

for n > 2. Note that all q n > while p n G Z, and that both q n and \p n \ are strictly 
increasing sequences which therefore diverge as n — > oo. The sequence of convergents 
(|A.2J) can be shown to satisfy the bound 

\e-9 n \<j^—, (A.5) 

{(In) 2 

showing how fast the limit in (|A.1J) converges. 
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When < 9 < 1 (so that po — c o = and all p n > 0), the even order convergents are 
always smaller than 9, while the odd order ones are larger. Thus the even (resp. odd) 
order convergents form an increasing (resp. decreasing) sequence which converges to 9 as 

9ln-2 < $2n < 9 < #2n+l < 02n-l • (A.6) 

Furthermore, the approximants fulfill Diophantine properties 

P2n±l P2n\ £ SL(2, Z) , (A.7) 
?2n±l <?2n / 

which follow from the recursion relations ()A.4|) by induction on n. We also define the 
decreasing sequence 

p2n = V2n~\ ~ ?2n-l = <?2n-l (#2n-l ~ 9) , (A. 8) 

@2n-l = q2n9-p2n = ?2n (# ~ #2n) , (A. 9) 

with (3k > and lim^oo/^ = 0. For each n the properties (jA.7|) imply that 

?2n /^2n + ?2n-l (3-in-\ = 1 j ?2n /^2n+2 + ?2n+l (32n-l = 1 • (A. 10) 

B Matrix Unit Relations 

To prove that the collections of operators {P u } and {p*+ 2 >* +1 } in (IH.4jl and satisfy 
the relations 

pi?pw = ( ji*ptf j (B.i) 

we will first prove that 

p2i p « = Vf > J _ 

For this, we will show that P 21 P u \ip) = for all vectors \ip) e H of the underlying 
Hilbert space on which the algebra Ae is represented. If \i() has no component in the 
subspace TCi = im(P M ), then this is trivially true, so we suppose that \ip) G Hi. Note 
that the operator II 21 in (13.5)1 contains the projection P 11 to its extreme right. With 
this observation, we can now exploit a standard result of functional analysis (see for 
instance [HOI Theorem 2.3.4]) which states that the kernel of a bounded linear operator 
coincides with the kernel of the partial isometry in its polar decomposition. Since % > 1, 
we have P n |-?/>) = 0, and so 

Hi C ker (n 21 ) = ker (P 21 ) . (B.3) 
It follows that for any vector G H we have 

P li \i>) G ker (P 21 ) (B.4) 



for i > 1, which establishes (IB.2|) . By repeating this argument for the adjoint operator 
(n 21 )^ and using the definition (|3.10|) one similarly proves 

P 12 P n = 0. (B.5) 
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We will now prove the identity 

p21 pll _ p21 



(B.6) 



For this, we decompose a generic vector \ip) G TC as 

IV>> = |-0i> © l^r) (B.7) 

with [Vi> e Wi and |^) G Then 

P 21 P n |V) = P 21 |Vi) , (B.8) 
and the desired result now follows from the fact that 

|Vr) e k er (P U ) C ker (IT 21 ) = ker (P 21 ) . (B.9) 

Finally, to establish the expression 

p22p21 = p 21 ^ (R1Q) 

we note first of all that since the operator II 21 contains an orthogonal projection on its 
right, it has closed range 10 . With this observation, we can now exploit another standard 
functional analytic result (see for instance Theorem 15.3.8]) which states that the 
range of a closed operator is the same as the range of the partial isometry in its polar 
decomposition. It follows from this, and from the fact that the operator II 21 contains the 
projection P 22 to its extreme left, that 

P 21 {H) = U 21 {H) CH 2 . (B.ll) 

Since P 22 acts as the identity operator on the subspace TC2, the relation (jB.lO)) follows. 
The corresponding identities for the projections and partial isometries with index labels 
larger than 2 can then be constructed either by direct multiplication or by use of the 
automorphism a defined in (13.2)1 . 



C Approximating the Torus Algebra 

The proof of the fact that 

lim \\a — r n (a)|| = 0, (C.l) 

with a G A$ and T n the projection onto the finite level subalgebra A n in (|3.18jl . comes 
from repeated applications of the triangle and product inequalities for the C*-norm. For 

10 The statement that a bounded linear operator T is closed is equivalent to the following statements |7fi| : 
(a) is an isolated point in the spectrum of the self-adjoint operators T^T and TT^; (b) the right and 
left ideals T Ae and Ag T are closed in the norm topology on Ag; and (c) there exist projection operators 
P and Q with AgT = Ag? and T Ag = QAg. 
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any m,r E Z, by using the fact that ||(U n ) m || = ||(V n ) r || = 1 and \\U rn \\ = \\V r \\ = 1, 
we have 



v n ) m (v n ) r - u m v r \\ n < ||(u n ) m - u m \L + ||(v„) r - v r \ 



' 



(C.2) 



Using (|3.2fijl . we now define U n = U + A n with [U, A n ] = and || A n || < e n . Then 



U n ) m - U r ' 



P =i ' 

< E(;)(iKiiof 

< l-(l-£ n ) m < rne n . 
A completely analogous calculation gives 

\\(Vn) r -V r \\ <re n . 

From ()3.28j) we have 

~~ ||(u n r(v n y-f/ m ^ 



||a-r n (a)|| < 

(m,r)£Z 2 

and so from (IC.2D-(IC.4I) it follows that 



A m,r | 



r n (a)|| <e n Y (m + r)\a mir 

(m,r)eZ 2 



(C.3) 



(C.4) 



(C.5) 



(C.6) 



which vanishes as n — > oo for Schwartz sequences {a m ^ r }. Therefore, to each element of 
A$ there always corresponds an element of the subalgebra A n to within an arbitrarily 
small radius in norm. 



D Inductive Limit 

In this appendix we will show how to obtain the noncommutative torus as an inductive 
limit 11 

oo 

A e =\jB n (D.l) 

n=0 

of an appropriate inductive system of algebras {£>„, t n }„>o, together with injective unital 
*-morphisms i n : B n B n+ \ It turns out that for K-theoretical reasons one needs to 
take B n = A 2n +i = M 94n+2 (^(S 1 )) ©M 94n+1 (^(S 1 )). The crucial point is to explicitly 
construct the embeddings i n in such a way that the K-theory groups ()2.34|) and ()2.36jl of 
the noncommutative torus are obtained in the limit out of the "finite level" counterparts 

Strictly speaking, the following discussion is only rigorously valid in the continuous category. How- 
ever, on the noncommutative torus the proof of |26j should go through also for smooth functions, with 
the appropriate technical modifications. 
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()3.33|) . For this, one needs to exploit the continued fraction expansion of 9 and the 
recursion relations (|A.4|) in a very careful manner. 

It is well known [22] that on the "matrix part", the continued fraction expansion of 
9 directly gives the required dimension group of the torus Ag while leading to a trivial 
Ki-group, this being the appropriate setting for immersions into an AF-algebra [01]. In 
the present case, in order to get the correct Ki-group ()2.36j) . which is generated by the 
two independent classes [U] and [V], one needs to modify the construction somewhat. 
The main point is that the clock operators appearing in (|3.20[) are elements of finite- 
dimensional matrix algebras and therefore have trivial Ki-class. The non-trivial group is 
thereby generated by the generalized shift operators in ()3.2()j) . and this must be kept in 
mind when embedding from one level to the next. To this end, one "skips" a step [20], by 
going from level n to level n + 1 (so as to send q n to q n+ i) . With the skipping of steps, 
the roles of the clock and shift operators in ()3.20|) change from one level to the next. 

We thereby use the recursion relations (jA.4|) to define integer valued matrices 

Pn~- 

with the property that 

P, 

To simplify notation for the rest of this appendix, let us denote d n = q± n+ 2 and d' n = g4„+i. 
As mentioned before, we shall take the algebra in the inductive limit to be 

B n = A 2n+1 = M d , i (C 00 (§ 1 ))©M ci , (C 00 ^ 1 )) , n = 0,1,2,... , (D.4) 

and we are now ready to describe the embedding t n : B n B n +\. 
Since a generic element of the matrix algebra (|D.4j) is of the form 

a - = E © E E z ' k ' p n r > (d.5) 

kez i,j=i fc'ez i',j'=l 

it suffices to give the immersions of the d n x d n and d' n x d' n matrices (a^ k ) and {d}™). k i) 
for given fixed values of the circular Fourier modes k and k', and of the two unitaries z 
and z' which generate the center of the algebra A n . Denoting the mode restrictions by 



! , n = 0, 1, 2, 



(D.2) 



?4n+2 
Qin+1 



<?4(n+l)+2 
?4(n+l)+l 



(D.3) 
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a n \k, the embedding of the matrix degrees of freedom is given by 



a nl k 



We 



( lr 



ijlkj 



Ws n d' n xs n d' n 



\ 



(0)d n xd n 



(0) 



(0) 



tn d n Xt n d n 



(D.6) 



while z and z' are embedded as 



2 11 



s rn {z)m dn 



(0) 



•n d' n xs„ d' n 



s tn (i)m dn 



\ 



(tyu n d' n xu n d'„ ) 



(0) d 



?1 X C? /^ 



2' 1* 



(0)r n d„xr„ d n 



\ 



Sa„(l)®l d 



(0)tn dn Xtn d n 



s Un {z')m d , n J 



(D.7) 



When lifted to the K-theory groups, the homomorphism i n acts as the matrix P n on 
Ko(-Bn) = Z © Z and as the identity on Ki(£>„) = Z © Z, so that the inductive limit 
algebra has the appropriate K-theory groups (|2.H4j) - (|2.Hfi|) . Furthermore, in [21, it is 
shown that the limit algebra is a simple unital algebra that has a unique trace state. All 
of these properties select the noncommutative torus algebra Aq up to isomorphism. 



E Approximating the Leibniz Rule 

In this appendix we will show that the two "derivatives" defined in (|4.8jl satisfy an approx- 
imate Leibniz rule, which becomes the usual one in the n — > oo limit. To keep formulae 
from becoming overly cumbersome, we will only indicate explicitly terms appearing in the 
first tower. Analogous expressions are always understood to appear in the second tower. 
We will denote by [a] q the integer part of a real number a modulo q, with the convention 
that [a] is its integer part in Z. 

The product of two elements of the finite level algebra A n with expansion (|4.5j) is 
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<?2n r -, 



(Via, 



given by 

'I | | 'ii Ut'„ , 

x (C 92 J [ * +s] - (^ 2 „(z)) 1 
© (second tower) . (E.l) 

By using ()4.8|) one may calculate the derivative of the product (jE.l|) to be 

92n r ■ i 

V l( a„b„) = 2*1 £ E^MlWl ,^" + Wl H W J *-"^ + ' +[ - ] " 
i,j,s,t=i k,lez L 2 Jo L 2 Jo ' ' 

© (second tower) , (E.2) 
while a direct calculation using the definition ()4.8|) and the product formula (|E.1J) gives 

<?2n 

an )b n + a„(V lbn ) = 2vri y J2(i + s)a^r n] (3^ 

i,j,s,t=i k,iez + L— V' fc S+ L— Jo'*-' 

x K)---/ + ' + te]o (C ?2 J^- (5 92 „(,)) b ' +tl - 
© (second tower) . (E.3) 

The difference between these two expressions occurs when at least one of the integers % or 
s is of order [^r] , in which case the corresponding coefficient of a n or b n is exponentially 
small in the limit. The two expressions thereby coincide at n — > oo. A completely 
analogous computation gives 

V 2 (a n b„) = 2ni y y {[j+t) i2n +q 2n (k + l+ [g]J} 

i,j,s,t=i fc,iez 

(n) o(n) i \is-it k+l+\ i±±-] 

© (second tower) (E-4) 

and 

<?2n 

(V 2 a„)b n + a n (V 2 b„) = 2vri y y (j + t + q 2n (k + I)) 

w ow / sis-it fe+i+r^i 

x or v -i £T V -i (a;,,,)- 7 z L^nJo 

x (C g2 J [i+s] «- (S^C*))™*" 
© (second tower) . (E.5) 

Again the two expressions differ only for large momenta j and t. 
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